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LIFTING THE CARTIER TRANSFORM OF OGUS-VOLOGODSKY MODULO pn
DAXIN XU
Abstract. Let W be the ring of the Witt vectors of a perfect field of characteristic p, X a smooth formal
scheme over W, X′ the base change of X by the Frobenius morphism of W, X′
2
the reduction modulo p2 of
X′ and X the special fiber of X. We lift the Cartier transform of Ogus–Vologodsky defined by X′
2
modulo
pn. More precisely, we construct a functor from the category of pn-torsion OX′ -modules with integrable
p-connection to the category of pn-torsion OX-modules with integrable connection, each subject to suitable
nilpotence conditions. Our construction is based on Oyama’s reformulation of the Cartier transform of
Ogus–Vologodsky in characteristic p. If there exists a lifting F : X → X′ of the relative Frobenius morphism
of X, our functor is compatible with a functor constructed by Shiho from F . As an application, we give a
new interpretation of Faltings’ relative Fontaine modules and of the computation of their cohomology.
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1. Introduction
1.1. In their seminal work [12], Deligne and Illusie gave a purely algebraic proof of the degeneracy of the
Hodge to de Rham spectral sequence in characteristic zero. Their proof is based on a decomposition of the
de Rham complex of a smooth variety in positive characteristic.
Let k be a perfect field of characteristic p > 0, W the ring of Witt vectors of k, X a smooth scheme over
k and X ′ the base change of X by the Frobenius morphism Fk : k → k. We put W2 = W /p2W and we
denote by FX/k : X → X ′ the relative Frobenius morphism of X . Deligne and Illusie proved the following:
(i) If there exist smooth W2-schemes X˜ and X˜ ′ and a W2-morphism F˜ : X˜ → X˜ ′ lifting FX/k, then F˜
induces a quasi-isomorphism
(1.1.1) ⊕i≥0 ΩiX′/k[−i]
∼
−→ FX/k∗(Ω
•
X/k),
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where Ω•X/k denotes the de Rham complex of X over k.
(ii) If there exists (only) a smooth lifting X˜ ′ of X ′ over W2, then there exists an isomorphism in the
derived category Db(OX′) of OX′-modules
(1.1.2) ⊕p−1i=1 Ω
i
X′/k[−i]
∼
−→ FX/k∗(τ<p(Ω
•
X/k)),
where τ<p denotes the truncation of a complex in degrees < p.
Ogus and Vologodsky developed in [32] an analogue of Deligne–Illusie’s results for the sheaf of PD-
differential operators. Their construction leads to an analogue of Simpson correspondence [34] in character-
istic p. Recall that Simpson classifies (complex) finite-dimensional linear representations of the topological
fundamental group of a smooth and projective complex variety in terms of Higgs modules. If X is a smooth
scheme over a field K, a Higgs module on X/K is an OX -module together with an OX -linear morphism
θ : M → M ⊗OX Ω
1
X/K , called Higgs field, such that θ ∧ θ = 0. By the integrability condition, θ fits into a
complex, called the Dolbeault complex of (M, θ) in ([34] p. 24 and [2] I.2.3) or the Higgs complex of (M, θ) in
([32] p. 2),
M
θ
−→M ⊗OX Ω
1
X/K
∧θ
−−→M ⊗OX Ω
2
X/K
∧θ
−−→ · · · .
1.2. We keep the assumption and notation as in 1.1 and let X˜ ′ be a smooth lifting of X ′ over W2 as in 1.1(ii).
Ogus and Vologodsky constructed a functor C−1
X˜′
called the (inverse) Cartier transform, from the category
HIG(X ′/k) of Higgs modules on X ′/k to the category MIC(X/k) of OX -modules with integrable connection
relative to k, each subject to suitable nilpotence conditions. They also proved a comparison isomorphism of
complexes, which extended that of Deligne–Illusie (1.1.2). In the following, we recall a special case of their
construction.
Let ℓ be an integer ≥ 0. We say that a Higgs module (M, θ) on X/k is nilpotent of level ≤ ℓ if there
exists an increasing filtration N• on M such that N0 = 0, Nℓ+1 = M and that θ(Ni) ⊂ Ni−1 ⊗OX Ω
1
X/k for
all i. We say that an OX -module M with integrable connection ∇ is nilpotent of level ≤ ℓ if its p-curvature
is nilpotent of level ≤ ℓ (as an F-Higgs field) ([21] 5.6). We denote by HIGp−1(X ′/k) (resp. MICp−1(X/k))
the full subcategory of HIG(X ′/k) (resp. MIC(X/k)) consisting of nilpotent objects of level ≤ p − 1. The
Cartier transform induces an equivalence of categories ([32] Thm. 2.8)
(1.2.1) C−1
X˜′
: HIGp−1(X ′/k)
∼
−→ MICp−1(X/k).
Considering an OX′ -module as a Higgs module on X ′/k with zero Higgs field, the above equivalence recovers
the Cartier descent ([21] 5.1).
Let (M ′, θ′) be a nilpotent Higgs module on X ′/k of level ℓ < p and (M,∇) = C−1
X˜′
(M ′, θ′) (1.2.1). Then
there exists an isomorphism in the derived category D(OX′) ([32] 2.27)
(1.2.2) τ<p−ℓ(M ′ ⊗OX′ Ω
•
X′/k)
∼
−→ FX/k∗(τ<p−ℓ(M ⊗OX Ω
•
X/k)),
where M ′ ⊗OX′ Ω
•
X′/k is the Dolbeault complex of (M
′, θ′) and M ⊗OX Ω
•
X/k is the de Rham complex of
(M,∇).
1.3. Faltings developed a p-adic analogue of Simpson correspondence [34] for p-adic local systems on vari-
eties over p-adic fields [14]. The relation between Faltings’ p-adic Simpson correspondence and the Cartier
transform is not yet understood. The first difficulty is to lift the Cartier transform modulo pn. Shiho [35]
constructed a “local” lifting of the Cartier transform modulo pn under the assumption of a lifting of the
relative Frobenius morphism modulo pn+1 as in 1.1(i) above. In [33], Oyama gave a new construction of the
Cartier transform of Ogus–Vologodsky as the inverse image by a morphism of topoi. His work is inspired
by Tsuji’s approach to the p-adic Simpson correspondence ([2] IV). In this article, we use Oyama topoi to
“glue” Shiho’s functor and obtain a lifting of the Cartier transform modulo pn under the (only) assumption
that X lifts to a smooth formal scheme over W.
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1.4. Shiho’s construction relies on the notion of λ-connections introduced by Deligne. Let f : X → S be a
smooth morphism of schemes, M an OX -module and λ ∈ Γ(S,OS). A λ-connection on M relative to S is an
f−1(OS)-linear morphism ∇ : M → M ⊗OX Ω
1
X/S such that ∇(xm) = x∇(m) + λm ⊗ d(x) for every local
sections x of OX and m of M . Classically, 1-connections are called connections. We define the integrability
of λ-connections in the same way as for connections. Integrable 0-connections are nothing but Higgs fields.
We denote by MIC(X/S) (resp. λ-MIC(X/S)) the category of OX -modules with integrable connection (resp.
λ-connection) relative to S.
1.5. In the following, if we use a gothic letter T to denote an adic formal W-scheme, the corresponding
roman letter T will denote its special fiber. Let X be a smooth formal scheme over W and n an integer ≥ 1.
We denote by σ : W →W the Frobenius automorphism of W, by X′ the base change of X by σ and by Xn
the reduction of X modulo pn. In [35], Shiho constructed a “local” lifting modulo pn of the Cartier transform
of Ogus–Vologodsky defined by X′2, under the assumption that there exists a lifting Fn+1 : Xn+1 → X
′
n+1 of
the relative Frobenius morphism FX/k : X → X ′ of X .
The image of the differential morphism dFn+1 : F ∗n+1(Ω
1
X′n+1/Wn+1
)→ Ω1Xn+1/Wn+1 of Fn+1 is contained
in pΩ1Xn+1/Wn+1 . Dividing by p, it induces an OXn -linear morphism
dFn+1/p : F ∗n(Ω
1
X′n/Wn
)→ Ω1Xn/Wn .
Shiho defined the functor ([35] 2.5)
Φn : p-MIC(X′n/Wn) → MIC(Xn/Wn)(1.5.1)
(M ′,∇′) 7→ (F ∗n (M
′),∇)
where ∇ : F ∗n(M
′) → Ω1Xn/Wn ⊗OXn F
∗
n(M
′) is the integrable connection defined for every local sections f
of OXn and e of M
′ by
(1.5.2) ∇(fF ∗n(e)) = f(id⊗
dFn+1
p
)(F ∗n(∇
′(e))) + df ⊗ (F ∗n(e)).
Shiho showed that the functor Φn induces an equivalence of categories between the full subcategories of
p-MIC(X′n/Wn) and of MIC(Xn/Wn) consisting of quasi-nilpotent objects ([35] Thm. 3.1). For n = 1,
Ogus and Vologodsky proved that the functor Φ1 is compatible with the Cartier transform C
−1
X′2
(1.2) defined
by X′2 ([32] Thm. 2.11; [35] 1.12).
1.6. Let (T , A) be a ringed topos. A Hopf A-algebra is the data of a ring B of T together with five
homomorphisms
A
d2
−−⇒
d1
B, δ : B → B ⊗A B (comultiplication), π : B → A (counit), σ : B → B (antipode),
where the tensor product B ⊗A B is taken on the left (resp. right) for the A-algebra structure of B defined
by d2 (resp. d1), satisfying the compatibility conditions for coalgebras (cf. 4.2, [4] II 1.1.2).
A B-stratification on an A-module M is a B-linear isomorphism
(1.6.1) ε : B ⊗A M
∼
−→M ⊗A B
where the tensor product is taken on the left (resp. right) for the A-algebra structure defined by d2 (resp.
d1), satisfying π∗(ε) = idM and a cocycle condition (cf. 5.5).
1.7. The main example of a Hopf algebra is given by the PD-envelope of the diagonal immersion. Let X
be a smooth formal W-scheme, X2 the product of two copies of X over W. For any n ≥ 1, we denote by
PXn the PD-envelope of the diagonal immersion Xn → X
2
n compatible with the canonical PD-structure on
(Wn, pWn). The schemes {PXn}n≥1 form an adic inductive system and we denote by PX the associated
adic formal W-scheme. The OX-bialgebra OPX of Xzar is naturally equipped with a formal Hopf OX-algebra
structure (i.e. for every n ≥ 1, a Hopf OXn-algebra structure on OPXn , which are compatible) (cf. 4.8, 5.15).
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A quasi-nilpotent integrable connection relative to Wn on an OXn -module M (cf. 5.3) is equivalent to
an OPX -stratification on M ([5] 4.12). Following Shiho [35], we give below an analogue description of p-
connections; the relevant Hopf algebra is constructed by dilatation (certain distinguished open subset of
admissible blow-up) in formal geometry.
1.8. We define by dilatation an adic formal X2-scheme RX satisfying the following conditions (3.12).
(i) The canonical morphism RX,1 → X2 factors through the diagonal immersion X → X2.
(ii) Let X → X2 be the diagonal immersion. For any flat formal W-scheme Y (2.6) and any W-morphisms
f : Y→ X2 and g : Y → X which fit into the following commutative diagram
Y //
g

Y
f

X // X2
there exists a unique W-morphism f ′ : Y→ RX lifting f .
We denote abusively by ORX the direct image of ORX via the morphism RX,zar → Xzar (i). Using the
universal property of RX, we show that ORX is equipped with a formal Hopf OX-algebra structure (4.12).
The diagonal immersion X→ X2 induces a closed immersion ι : X→ RX (3.6). For any n ≥ 1, we denote
by TX,n the PD-envelope of ιn : Xn → RX,n compatible with the canonical PD-structure on (Wn, pWn).
The schemes {TX,n}n≥1 form an adic inductive system and we denote by TX the associated adic formal
W-scheme. By the universal property of PD-envelope, the formal Hopf algebra structure on ORX extends to
a formal Hopf OX-algebra structure on the OX-bialgebra OTX of Xzar (5.20).
In ([35] Prop. 2.9), Shiho showed that for any n ≥ 1 and any OXn -module M , an OTX -stratification on
M is equivalent to a quasi-nilpotent integrable p-connection on M (cf. 5.22).
1.9. In fact, we need a fourth Hopf algebra, introduced firstly by Oyama [33], that we construct also by
dilatation. For any k-scheme Y , we denote by Y the closed subscheme of Y defined by the ideal sheaf of
OY consisting of the sections of OY whose pth power is zero. In (3.12, 4.10), we construct an adic formal
X2-scheme QX satisfying the following conditions.
(i) The canonical morphism QX,1 → X2 factors through the diagonal immersion X → X2.
(ii) For any flat formal W-scheme Y and any W-morphisms f : Y→ X2 and g : Y → X which fit into the
following commutative diagram
Y //
g

Y
f

X // X2
there exists a unique W-morphism f ′ : Y→ QX lifting f .
We denote abusively by OQX the direct image of OQX via the morphism QX,zar → Xzar (i). Using the
universal property of QX, we show that OQX is equipped with a formal Hopf OX-algebra structure (4.12).
Let PX be the formal X2-scheme defined in 1.7, ι : X → PX the canonical morphism lifting the diagonal
immersion X → X2 and J the PD-ideal of OPX associated to ι1. For any local section of J , we have
xp = p!x[p] = 0. Then we deduce a closed immersion PX → X over X2. By the universal property of QX,
we obtain an X2-morphism λ : PX → QX. The later induces a homomorphism of formal Hopf OX-algebras
OQX → OPX (5.17).
1.10. Suppose that there exists a lifting F : X → X′ of the relative Frobenius morphism FX/k of X .
By the universal properties of RX′ and of PD-envelope, the morphism F 2 : X2 → X′2 induce morphisms
LIFTING THE CARTIER TRANSFORM OF OGUS-VOLOGODSKY MODULO pn 5
ψ : QX → RX′ (6.9) and ϕ : PX → TX′ (6.11) above F 2 which fit into a commutative diagram (6.12.1)
(1.10.1) PX
ϕ //
λ

TX′
̟

QX
ψ // RX′
where ̟ : TX′ → RX′ (1.8) and λ : PX → QX (1.9) are independent of F . Moreover, ψ and ϕ induce
homomorphisms of formal Hopf algebras ORX′ → F∗(OQX) and OTX′ → F∗(OPX). The above diagram
induces a commutative diagram (6.12.2)
(1.10.2)
{
category of OX′n -modules
with ORX′ -stratification
}
ψ∗n //
̟∗n

{
category of OXn -modules
with OQX-stratification
}
λ∗n
{
category of OX′n -modules
with OTX′ -stratification
}
ϕ∗n //
{
category of OXn -modules
with OPX-stratification
}
In ([35] 2.17), Shiho showed that the functor ϕ∗n is compatible with the functor Φn defined by F (1.5.1),
via the equivalence between the category of modules with quasi-nilpotent integrable connection (resp. p-
connection) and the category of modules with OPX-stratification (resp. OTX -stratification).
We will show that ψ∗n can be identified with the inverse image functor of a morphism of ringed topoi
defined by Oyama (1.3). The identification of ψ∗n with this inverse image functor depends on the liftings of
X and its Frobeniusm morphism, but the topoi themselves do not.
1.11. Let X be a scheme over k. Following Oyama [33], we define two categories E and E associated to
X as follows. An object of E (resp. E ) is a triple (U,T, u) consisting of an open subscheme U of X , a flat
formal W-scheme T and an affine k-morphism u : T → U (resp. u : T → U (1.9)). Morphisms are defined
in a natural way (cf. 7.1). We denote by E ′ Oyama’s category associated to the k-scheme X ′.
Let (U,T, u) be an object of E . The relative Frobenius morphism FT/k : T → T ′ factors through a
k-morphism fT/k : T → T
′. We have a commutative diagram
(1.11.1) U
FU/k

T
uoo   //
FT/k

T
FT/k

fT/k
yyrrr
rr
rr
rr
rr
r
U ′ T ′
u′oo   // T ′
where the vertical arrows denote the relative Frobenius morphisms. Then (U ′,T, u′ ◦ fT/k) is an object of
E ′. We obtain a functor (7.4.2)
(1.11.2) ρ : E → E ′, (U,T, u) 7→ (U ′,T, u′ ◦ fT/k).
We say that a family of morphisms {(Ui,Ti, ui)→ (U,T, u)}i∈I of E is a Zariski covering if we have
U = ∪i∈IUi, and Ti
∼
−→ T ×U Ui, ∀ i ∈ I.
We say that a family of morphisms {(Ui,Ti, ui)→ (U,T, u)}i∈I of E is a Zariski covering if its image under
ρ (1.11.2) is a Zariski covering of E ′. These coverings form a pretopology on E (resp. E ). We denote by
E˜ (resp. E˜ ) the topos of sheaves of sets on E (resp. E ). The functor ρ is fully faithful, continuous and
cocontinuous (7.20). Then, it induces a morphism of topoi (7.21.1)
(1.11.3) CX/W : E˜ → E˜
′
such that its inverse image functor is induced by the composition with ρ.
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1.12. For any object (U,T, u) of E (resp. E ) and any open subscheme V of U , we denote by TV the open
formal subscheme of T associated to the open subscheme T ×u,U V (resp. T ×u′◦fT/k,U ′ V
′ (1.11.2)) of T .
For any sheaf F of E˜ (resp. E˜ ), the contravariant functor V 7→ F (V,TV ) defines a sheaf of Uzar that we
denote by F(U,T,u).
1.13. Let n be an integer ≥ 1. The contravariant functor (U,T, u) 7→ Γ(T,OTn) defines a sheaf of rings on
E (resp. E ) that we denote by OE ,n (resp. OE ,n). By definition, we have C
∗
X/W(OE ′,n) = OE ,n.
For any object (U,T, u) of E (resp. E ), we consider OTn as a sheaf on T (resp. T ). Then we have
(OE ,n)(U,T,u) = u∗(OTn) (resp. (OE ,n)(U,T,u) = u∗(OTn)).
To give an OE ,n-module (resp. OE ,n-module) F amounts to give the following data (8.4):
(i) For every object (U,T, u) of E (resp. E ), an u∗(OTn)-module F(U,T) of Uzar (1.12).
(ii) For every morphism f : (U1,T1, u1)→ (U2,T2, u2) of E (resp. E ), an u1∗(OT1,n )-linear morphism
cf : u1∗(OT1,n)⊗(u2∗(OT2,n ))|U1 (F(U2,T2))|U1 → F(U1,T1),
satisfying a cocycle condition for the composition of morphisms as in ([5] 5.1).
Following ([5] 6.1), we say that F is a crystal if cf is an isomorphism for every morphism f and that F
is quasi-coherent if F(U,T) is a quasi-coherent u∗(OTn)-module of Uzar for every object (U,T, u). We denote
by C (OE ,n) (resp. C (OE ,n)) the category of crystals of OE ,n-modules (resp. OE ,n-modules). We use the
notation C qcoh(−) to denote the full subcategory consisting of quasi-coherent crystals.
For any object (U,T, u) of E (resp. E ), the functor u∗ induces an equivalence of categories between the
category of quasi-coherent OTn -modules of Tn,zar and the category of quasi-coherent u∗(OTn)-modules of
Uzar (8.7). If F is a quasi-coherent OE ,n-module (resp. OE ,n-module), for any object (U,T, u), we can
equivalently consider F(U,T) as a quasi-coherent OTn -module of Tn,zar.
Proposition 1.14 (8.18). Let X be a smooth formal S -scheme and X its special fiber. There exists a
canonical equivalence of categories between the category C (OE ,n) (resp. C (OE ,n)) and the category of OXn-
modules with ORX -stratification (resp. OQX -stratification) (1.6, 1.8, 1.9).
Theorem 1.15 (8.13). Let X be a smooth k-scheme. Then, for any n ≥ 1, the inverse image and the direct
image functors of the morphism CX/W (1.11.3) induce equivalences of categories quasi-inverse to each other
(1.15.1) C qcoh(OE ′,n)⇄ C qcoh(OE ,n).
The theorem is proved by fppf descent for quasi-coherent modules.
We call Cartier transform modulo pn the equivalence of categories C∗X/W (1.15.1).
Given a smooth formal W-scheme X with special fiber X , when n = 1, Oyama proved 1.15 and showed
that the inverse image functor C∗X/W is compatible with the Cartier transform C
−1
X′2
of Ogus–Vologodsky
defined by the lifting X′2 of X
′ (1.2) (cf. [33] section 1.5). In section 11, we reprove the later result in a
different way (11.30).
Proposition 1.16 (8.21). Let X be a smooth formal W-scheme, X its special fiber, F : X→ X′ a lifting of
the relative Frobenius morphism FX/k of X and ψ
∗
n the functor defined by F in (1.10.2). Then, the following
diagram (1.14)
(1.16.1) C (OE ′,n)
C∗X/W //
µ ≀

C (OE ,n)
ν≀
{
OX′n-modules
with ORX′ -stratification
}
ψ∗n //
{
OXn -modules
with OQX -stratification
}
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is commutative up to a functorial isomorphism. That is, for every crystal M of OE ′,n-modules of E˜ ′, we
have a canonical functorial isomorphism
(1.16.2) ηF : ψ∗n(µ(M ))
∼
−→ ν(C∗X/W(M )).
In the diagram (1.16.1), while C∗X/W does not depend on models of X , ψ
∗
n depends on the lifting F of the
relative Frobenius morphism and the vertical functors µ and ν depend on the formal model X of X . The
isomorphism ηF depends also on F .
By 1.10, the equivalence of categories C∗X/W (1.15.1) is compatible with Shiho’s functor Φn defined by F
(1.5.1).
1.17. In [15], Fontaine and Laffaille introduced the notion of Fontaine module to study p-adic Galois rep-
resentations. It is inspired by the work of Mazur ([28], [29]) and Ogus ([5], § 8) on Katz conjecture. Let
σ : W → W be the Frobenius endomorphism and K0 = W[ 1p ]. A Fontaine module is a triple (M,M
•, ϕ•)
consisting of a W-module of finite length M , a decreasing filtration {M i}i∈Z such that M0 = M , Mp = 0
and W-linear morphisms
(1.17.1) ϕi : W⊗σ,WM i →M, 0 ≤ i ≤ p− 1,
such that ϕi|Mi+1 = pϕi+1 and
∑p−1
i=0 ϕ
i(M i) = M . The ϕi’s are called divided Frobenius morphisms.
The main result of Fontaine–Laffaille is the construction of a fully faithful and exact functor from the
category of Fontaine modules of length ≤ p− 2 to the category of torsion Zp-representations of the Galois
group GK0 of K0 ([37] Thm. 2). Its essential image consists of torsion crystalline representations of GK0
with weights ≤ p− 2 (cf. [7] 3.1.3.3).
Fontaine and Messing showed that there exists a natural Fontaine module structure on the crystalline
cohomology of a smooth proper scheme X over W of relative dimension ≤ p − 1 ([16] II.2.7). Then they
deduced the degeneration of the Hodge to de Rham spectral sequence of Xn/Wn.
1.18. A generalisation of Fontaine modules in a relative situation was proposed by Faltings in [13]. Relative
Fontaine modules can be viewed as an analogue of variation of Hodge structures on smooth formal schemes
over W. Let X = Spf(R) be an affine smooth formal scheme over W, X its special fiber and F : X → X
a σ-lifting of the absolute Frobenius morphism FX of X . A Fontaine module over X with respect to F is
a quadruple (M,∇,M•, ϕ•F) made of a coherent, torsion OX-module M , an integrable connection ∇ on M ,
a decreasing exhaustive filtration M• on M of length at most p− 1 satisfying Griffiths’ transversality, and
a family of divided Frobenius morphisms {ϕ•F } as in (1.17.1) satisfying a compatibility condition between
{ϕ•F } and ∇ (cf. [13] 2.c, 2.d).
Using the connection, Faltings glued the categories of Fontaine modules with respect to different Frobenius
liftings by a Taylor formula (cf. [13] Thm. 2.3). By gluing local data, he defined Fontaine modules over a
general smooth formal W-scheme X, even if there is no lifting of FX .
If X is the p-adic completion of a smooth, proper W-scheme X , Faltings associated to each Fontaine
module of length ≤ p − 2 over X a representation of the étale fundamental group of XK0 on a torsion Zp-
module. Moreover, Faltings generalised Fontaine–Messing’s result for the crystalline cohomology of a relative
Fontaine module.
1.19. Let X be a smooth formal W-scheme. As an application of their Cartier transform [32], Ogus and Vol-
ogodsky proposed an interpretation of p-torsion Fontaine modules over X ([32], 4.16). A p-torsion Fontaine
module over X is a triple (M,∇,M•) as in 1.18 such that pM = 0 equipped with a horizontal isomorphism
(1.19.1) φ : C−1X′2 (π
∗(Gr(M), κ)) ∼−→ (M,∇),
where κ is the Higgs field on Gr(M) induced by ∇ and Griffiths’ transversality, and π : X ′ → X is the base
change of the Frobenius morphism of k to X . Given a σ-lifting F : X → X of FX , such a morphism φ is
equivalent to a family of divided Frobenius morphisms {ϕ•F } with respect to F (1.18) (cf. 12.16).
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By Griffiths’ transversality, the de Rham complex M ⊗OX Ω
•
X/k is equipped with a decreasing filtration
(1.19.2) Fi(M ⊗OX Ω
q
X/k) = M
i−q ⊗OX Ω
q
X/k.
Let ℓ be the length of the filtration M• (i.e. M0 = M,M ℓ+1 = M) and d the relative dimension of X over
W. Suppose that d + ℓ < p. Using the comparison of the de Rham and the Dolbeault complexes (1.2.2),
Ogus and Vologodsky reproved Faltings’ results ([32] 4.17):
(i) For any i,m, the canonical morphism Hm(Fi+1(M ⊗OX Ω
•
X/k)) → H
m(Fi(M ⊗OX Ω
•
X/k)) is in-
jective. The morphism φ (1.19.1) induces a family of divided Frobenius morphisms on (Hm(M ⊗OX
Ω•X/k), {H
m(Fi)}i≤p−1) which make it into a Fontaine module over W (1.17).
(ii) The hypercohomology spectral sequence of the filtered de Rham complex (M⊗OXΩ
•
X/k,F
i) degenerates
at E1.
1.20. For any n ≥ 1, using the Cartier transform modulo pn, we reformulate Faltings’ definition of pn-
torsion Fontaine modules over X following Ogus–Vologodsky (12.7). The Taylor formula used by Faltings
to glue the data relative to different liftings of FX is naturally encoded in Oyama topos (12.18). Following
Faltings’ strategy, we prove the analogue of the previous results (1.19(i-ii)) on the crystalline cohomology of
a pn-torsion Fontaine module over X (13.1). Such a result can be viewed as a partial generalisation of (1.2.2)
for pn-torsion Fontaine modules. However, we don’t know how to generalise Ogus–Vologodsky’s result on
the comparison of complexes (1.2.2) for the Cartier transform modulo pn.
1.21. Section 2 contains the main notation and general conventions. In section 3, we recall the notion of
dilatation in formal geometry. In section 4, after recalling the notions of Hopf algebras and groupoids, we
present the constructions of groupoids RX and QX (1.8, 1.9). In section 5, we recall the notions of modules
with integrable λ-connection (1.4) and of modules with stratification (1.6) and we discuss the relation between
them. Following [35], we present the construction of Shiho’s functor Φn (1.5.1) in section 6. In section 7,
we study the Oyama topoi E˜ and E˜ (1.11), the morphism of topoi CX/W (1.11.3) and their variants for
the fppf topology. Section 8 is devoted to the study of crystals in the Oyama topoi (1.13). We prove our
main results 1.15 and 1.16. We recall the construction of the Cartier transform of Ogus–Vologodsky [32]
in section 9. In section 10, following Berthelot and Oyama, we study several rings of differential operators
which serve as a preparation for the next section. In section 11, we compare the Cartier transform C∗X/W
(1.15.1) and the Cartier transform of Ogus–Vologodsky. Our proof is different from the original proof of
Oyama. In section 12, we introduce a notion of relative Fontaine modules using Oyama topoi (1.20). We
compare it with Faltings’ definition [13] and Tsuji’s definition [36]. In section 13, we construct the Fontaine
module structure on the crystalline cohomology of a relative Fontaine module.
Acknowledgement. This article is a part of my thesis prepared at Université Paris-Sud and IHÉS. I
would like to express my great gratitude to my thesis advisor Ahmed Abbes for leading me to this question
and for his helpful comments on earlier versions of this work. I would like to thank Arthur Ogus and Takeshi
Tsuji for their careful reading and suggestions.
After finishing this article, I learned from Arthur Ogus that Vadim Vologodsky has skecthed a similar
approach for lifting the Cartier transform in a short note 1 without providing any detail.
2. Notations and conventions
2.1. In this article, p denotes a prime number, k a perfect field of characteristic p, W the ring of Witt vectors
of k and σ : W→W the Frobenius automorphism of W. For any integer n ≥ 1, we set Wn = W /pnW and
S = Spf(W).
1available at http://pages.uoregon.edu/vvologod/papers/p-adiccartier.pdf
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2.2. Let X be a scheme over k. We denote by FX the absolute Frobenius morphism of X , by X ′ = X⊗k,Fk k
the base change of X by the Frobenius morphism of k, by πX/k : X ′ → X the canonical projection and by
FX/k : X → X ′ the relative Frobenius morphism. Then we have a commutative diagram
(2.2.1) X
FX/k //
""❋
❋❋
❋❋
❋❋
❋❋
X ′
πX/k //


X

Spec k
Fk // Spec k
2.3. Let X be a scheme over k. We denote by X the schematical image of FX : X → X ([24] 6.10.1 and
6.10.5). By ([24] 6.10.4), X is the closed subscheme of X defined by the ideal sheaf of OX consisting of the
sections of OX whose pth power is zero. It is clear that the correspondence X 7→ X is functorial. Note that
the canonical morphism X → X induces an isomorphism of the underlying topological spaces.
The relative Frobenius morphism FX/k : X → X ′ factors throughX
′. We denote the induced morphism by
fX/k : X → X
′. By definition, the homomorphism OX′ → fX/k∗(OX) is injective, i.e. fX/k is schematically
dominant ([24] 5.4.2).
If Y → X and Z → X are two morphisms of k-schemes, by functionality, we have a canonical morphism
(2.3.1) Y ×X Z → Y ×X Z.
Since X is affine if and only if X is affine (cf. [24] 2.3.5), we verify that (2.3.1) is an affine morphism.
2.4. In this article, we follow the conventions of [1] for adic rings ([1] 1.8.4) and adic formal schemes ([1]
2.1.24). Note that these notions are stronger than those introduced by Grothendieck in ([24] 0.7.1.9 and
10.4.2).
2.5. If X is an adic formal scheme such that pOX is an ideal of definition of X, for any integer n ≥ 1, we
denote the usual scheme (X,OX/pnOX) by Xn.
2.6. We say that an adic formal S -scheme X ([1] 2.2.7) is flat over S (or that X is a flat formal S -scheme)
if the morphism OX → OX induced by multiplication by p is injective (i.e. if OX is rig-pur in the sense of ([1]
2.10.1.4.2)). It is clear that the above condition is equivalent to the fact that, for every affine open formal
subscheme U of X, the algebra Γ(U,OX) is flat over W.
Let A be an adic W-algebra ([1] 1.8.4.5). Then A is flat over W if and only if An = A/pnA is flat over Wn
for all integer n ≥ 1. Indeed, we only need to prove that the condition is sufficient. Let a be an element of A
such that pa = 0. For any integer n ≥ 1, by the flatness of An over Wn, the image of a in An is contained in
pn−1A/pnA. Since A is separated, we see that a = 0, i.e. A is flat over W. We deduce that an adic formal
S -scheme X is flat over S if and only if Xn is flat over Sn (2.5) for all integer n ≥ 1.
2.7. Let f : X → S be a morphism of schemes. We say (abusively) that a morphism of OX -modules
u :M → N is OS-linear if it is f−1(OS)-linear.
2.8. Let X be a scheme. We denote by Zar/X the category of open subschemes of X and by Xzar the Zariski
topos of X .
3. Blow-ups and dilatations
3.1. Let A be an adic ring (2.4), J an ideal of definition of finite type of A. We put X = Spec(A),
X ′ = Spec(A/J) and X = Spf(A). The formal scheme X is the completion of X along X ′. For any A-module
M , we denote by M˜ the associated OX -module and by M∆ the completion of M˜ along X ′ ([1] 2.7.1), which
is an OX-module. Any morphism of A-modules induces naturally a morphism of OX-modules. In this way,
we define an additive functor from the category of A-modules to the category of OX-modules
(3.1.1) M 7→M∆.
This construction is independent of the choice of J .
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3.2. Let a be an open ideal of finite type of A. We denote by aOX the ideal sheaf of OX associated to the
presheaf defined by U 7→ aΓ(U,OX). By ([1] 2.1.13), we have a∆ = aOX.
Let B be an adic ring, u : A→ B an adic homomorphism ([1] 1.8.4.5) and f : Y = Spf(B)→ X = Spf(A)
the associated morphism. In view of ([1] 2.5.11), we have a canonical functorial isomorphism
(3.2.1) f∗(a∆) ∼−→ (a ⊗A B)∆.
Then, we deduce a canonical isomorphism
(3.2.2) f∗(a∆)OY
∼
−→ (aB)∆.
Indeed, by definition, f∗(a∆)OY is the image of the morphism f∗(a∆)→ OY = f∗(OX), which clearly factors
through (aB)∆. The isomorphism (3.2.2) follows from the fact that a∆ = aOX and (aB)∆ = (aB)OY.
3.3. Let X be an adic formal scheme, J an ideal of definition of finite type of X and A an open ideal of
finite type of X ([1] 2.1.19). For any n ≥ 1, we denote by Xn the usual scheme (X,OX/J n) and we set
(3.3.1) X′n = Proj(⊕m≥0A
m ⊗OX OXn).
For m ≤ n, there exists a canonical morphism u′mn : X
′
m → X
′
n such that the diagram
(3.3.2) X′m
u′mn //

X′n

Xm
umn // Xn
is Cartesian, which means that the sequence (X′n) forms an adic inductive (Xn)-system ([1] 2.2.13). We call
its inductive limit X′ the admissible blow-up of A in X ([1] 3.1.2). By ([1] 2.2.14), X′ is an adic formal
X-scheme. The structural map ϕ : X′ → X is clearly of finite type ([1] 2.3.13).
3.4. Let X be a flat formal S -scheme locally of finite type (2.6, [1] 2.3.13) and A an open ideal of finite
type of X containing p. Let ϕ : X′ → X be the admissible blow-up of A in X. Then the ideal A OX′ is
invertible ([1] 3.1.4(i)), and X′ is flat over S ([1] 3.1.4(ii)). We denote by X(A /p) the maximal open formal
subscheme of X′ on which
(3.4.1) (A OX′)|X(A /p) = (pOX′)|X(A /p)
and we call it the dilatation of A with respect to p. Note that X(A /p) is the complement of Supp(A OX′/pOX′)
in X′ ([24] 0.5.2.2). In view of ([1] 3.1.5 and 3.2.7), the above definition coincides with the notion of dilatation
of A with respect to p introduced in ([1] 3.2.3.4). We denote the restriction of ϕ : X′ → X to X(A /p) by
(3.4.2) ψ : X(A /p) → X.
3.5. Keep the notation of 3.4 and assume moreover that X = Spf(A) is affine. There exists an open ideal of
finite type a of A containing p such that a∆ = A ([1] 2.1.10 and 2.1.13). Let X = Spec(A), Y = Spec(A/pA),
φ : X ′ → X be the blow-up of a˜ in X and Y ′ = φ−1(Y ); so X is the completion of X along Y . Then X′ is
canonically isomorphic to the completion of X ′ along Y ′ and ϕ is the extension of φ to the completions ([1]
3.1.3).
Let (ai)0≤i≤n be a finite set of generators of a such that a0 = p. For any 0 ≤ i ≤ n, let Ui be the maximal
open subset of X ′ where ai generates a˜OX′ . Since a˜OX′ is invertible, (Ui)0≤i≤n form an open covering of
X ′. It is well known that Ui is the affine scheme associated to the A-algebra Ai defined as follows:
A′i = A
[a0
ai
, · · · ,
an
ai
]
=
A[x0, . . . , xi−1, xi+1, · · · , xn]
(aj − aixj)j 6=i
(3.5.1)
Ai =
A′i
(A′i)ai -tor
,(3.5.2)
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where (A′i)ai -tor denotes the ideal of ai-torsion elements of A
′
i. Let Âi be the separated completion of Ai
for the p-adic topology and Ûi = Spf(Âi). Then (Ûi)0≤i≤n form a covering of X′; for any 0 ≤ i ≤ n, Ûi
is the maximal open of X′ where ai generates the invertible ideal a∆OX′ ([1] 3.1.7(ii)). The open formal
subscheme X(A /p) of X′ is equal to Û0 = Spf(Â0). In particular, we see that, in the general setting of 3.4,
ψ : X(A /p) → X is affine ([1] 2.3.4).
Let A{x1, · · · , xn} denote the p-adic completion of the polynomial ring in n variables A[x1, · · · , xn],
which is flat over A[x1, · · · , xn] by ([1] 1.12.12). Since A is flat over W, we have A0 = A′0. In view of ([1]
1.12.16(iv)), we deduce a canonical isomorphism
(3.5.3) A
{a1
p
, · · · ,
an
p
}
=
A{x1, · · · , xn}
(ai − pxi)1≤i≤n
∼
−→ Â0.
Proposition 3.6. Let X be a flat formal S -scheme locally of finite type, A an open ideal of finite type of
X containing p, X(A /p) the dilatation of A with respect to p, ψ : X(A /p) → X the canonical morphism, Y
a flat formal S -scheme and f : Y → X an adic morphism ([1] 2.2.7) such that A OY = pOY. Then there
exists a unique S -morphism f ′ : Y → X(A /p) such that f = ψ ◦ f ′. If f is moreover a closed immersion,
then so is f ′.
Proof. We can reduce to the case where X = Spf(A) is affine and then to the case where Y = Spf(B) is
affine and the morphism f is associated to an adic homomorphism u : A→ B. We take again the notation
of 3.5. By (3.2.2), we have (pB)∆ = (aB)∆. The open ideals of finite type pB and aB are complete by ([8]
III §2.12 Cor 1 of Prop 16) and separated as submodules of B. We deduce that pB = aB by taking Γ(Y,−).
Since B is flat over W, the homomorphism u extends uniquely to an A-homomorphism A0 → B and then
to an adic A-homomorphism w : Â0 → B by p-adic completion. We take for f ′ the morphism induced by w
which is uniquely determined by f . The last assertion is clear.
Remark 3.7. Let X be a flat formal S -scheme locally of finite type, A an open ideal of finite type of X
containing p, X(A /p) the dilatation of A with respect to p, ψ : X(A /p) → X the canonical morphism, Y a
flat formal S -scheme and f : Y → X an S -morphism. Let T be the closed subscheme of X defined by A
and Y = Y1 (2.5). Since p ∈ A , the following conditions are equivalent:
(i) A OY = pOY.
(ii) There exists a morphism g : Y → T which fits into a Cartesian diagram:
(3.7.1) Y //
g

Y
f

T // X
(iii) There exists a morphism g : Y → T which fits into a commutative diagram (3.7.1).
3.8. Let A be a commutative ring such that pA = 0 and I an ideal of A. We denote by FA the Frobenius
endomorphism of A and by I(p) the ideal of A generated by FA(I).
Let B be an adic ring such that pB is an ideal of definition of B and a an open ideal of B containing p.
We denote by a1 the ideal a/pB of B/pB and by a♯ the open ideal π−1(a
(p)
1 ) of B, where π : B → B/pB is
the canonical homomorphism. If a is furthermore of finite type and {a1, · · · , an} is a set of generators of a,
then a♯ is of finite type and {p, ap1, · · · , a
p
n} is a set of generators of a
♯.
3.9. Let X be a scheme such that pOX = 0 and I a quasi-coherent ideal of X . We denote by I (p) the
quasi-coherent ideal F ∗X(I )OX of X . When X = Spec(A) is affine and I = Γ(X,I ), it is clear that we have
I (p) = I˜(p) (3.8).
Let X be an adic formal scheme such that pOX is an ideal of definition of X, A an open ideal of X
containing p and πn : OXn → OX1 (resp. π : OX → OX1) the canonical homomorphism for all integers n ≥ 1.
We denote by A1 the quasi-coherent ideal A /pOX of X1 and by A ♯ the ideal π−1(A
(p)
1 ) of OX, which is
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equal to the projective limit of the projective system (π−1n (A
(p)
1 ))n≥1. When X = Spf(A) is affine, there
exists an open ideal a of A such that A = a∆ ([1] 2.1.10). By construction, we have A ♯ = (a♯)∆. Hence, in
general, A ♯ is an open ideal of X in the sense of ([1] 2.1.19). By 3.8, if A is furthermore of finite type, so is
A ♯.
Proposition 3.10. Let X be a flat formal S -scheme locally of finite type, A an open ideal of finite type of
X containing p, T the closed subscheme of X defined by A and ψ : X(A ♯/p) → X the dilatation of A ♯ with
respect to p (3.4). Let Y be a flat formal S -scheme, Y = Y1 and f : Y → X an S -morphism. Then the
following conditions are equivalent:
(i) There exists a morphism g : Y → T (2.3) which fits into a commutative diagram
(3.10.1) Y //
g

Y
f

T // X
(ii) A ♯OY = pOY.
If furthermore the above conditions are satisfied, then there exists a unique morphism f ′ : Y → X(A ♯/p)
such that f = ψ ◦ f ′.
Proof. Since g is uniquely determined by f , we can reduce to the case where X = Spf(A) is affine and
then to the case where Y = Spf(B) is affine and the morphism f is associated to an adic homomorphism
u : A → B. There exists an open ideal of finite type a of A such that A = a∆. Since p ∈ a, a♯B = pB if
and only if the pth power of any element of a/pB is zero in B/pB. The equivalence of (i) and (ii) follows
(3.2.2). The second assertion follows form 3.6 applied to A ♯.
Remark 3.11. Under the assumptions of 3.10, the dilatation X(A /p) of A (resp. X(A ♯/p) of A ♯) with
respect to p is the same as the Higgs envelope R˜S(X) (resp. Q˜S(X)) introduced in ([33] page 6).
Proposition 3.12. Let X be a flat formal S -scheme locally of finite type, i : T → X1 an immersion (not
necessary closed). There exists a unique formal X-scheme X(T/p) (resp. X
♯
(T/p)) up to canonical isomorphisms
satisfying the following conditions:
(i) The canonical morphism (X(T/p))1 → X1 (resp. (X
♯
(T/p))1 → (X
♯
(T/p))1 → X1) factors through the
immersion T → X1.
(ii) Let ψ be the canonical morphism X(T/p) → X (resp. X
♯
(T/p) → X), Y a flat formal S -scheme, Y = Y1
and f : Y → X an S -morphism. Suppose that there exists a k-morphism g : Y → T (resp. g : Y → T )
which fits into the following diagram:
(3.12.1) Y //
g

Y
f

T // X
(resp. Y //
g

Y
f

T // X
)
Then there exists a unique S -morphism f ′ : Y→ X(T/p) (resp. f ′ : Y→ X
♯
(T/p)) such that f = ψ ◦ f
′.
Proof. It suffices to prove the existence. The uniqueness follows from (i) and the universal property (ii).
Let U be an open formal subscheme of X such that i(T ) ⊂ U and that T → U is a closed immersion and,
let A be the open ideal of finite type associated to T → U. We take X(T/p) (resp. X
♯
(T/p)) to be the dilatation
U(A /p) (resp. U(A ♯/p)). Then property (i) follows from 3.7 and 3.10. For any morphism f : Y→ X as in (ii),
by (3.12.1), the morphism f factors through the open subscheme U of X. Then property (ii) follows from
3.6 and 3.10.
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Proposition 3.13 ([33] 1.1.3). Let X, Y be two flat formal S -schemes locally of finite type, f : X → Y
an étale S -morphism ([1] 2.4.5). Suppose that there exist a k-scheme T and two immersions i : T → X1,
j : T → Y1 such that j = f ◦ i. Then f induces canonical isomorphisms of the formal schemes
(3.13.1) X(T/p)
∼
−→ Y(T/p), X
♯
(T/p)
∼
−→ Y♯(T/p).
Proof. By the universal property (3.6), the composition X(T/p) → X→ Y induces a canonicalY-morphism
u : X(T/p) → Y(T/p). We consider the commutative diagram
(3.13.2) (Y(T/p))1 //

T // X1

Y(T/p) // Y
Since f : X → Y is étale, the composition of top horizontal morphisms lifts uniquely to a Y-morphism
g : Y(T/p) → X. By (3.13.2) and the universal property, g induces an X-morphism v : Y(T/p) → X(T/p). The
following diagram
(3.13.3) Y(T/p)
v //
g
$$■
■■
■■
■■
■■
■
X(T/p)
u //

Y(T/p)

X
f // Y
is commutative. By the universal property, we deduce that u ◦ v = id.
Let ψ : X(T/p) → X be the canonical morphism. We consider the diagram
(3.13.4) X(T/p)
u //
ψ

Y(T/p)

g
zz✉✉✉
✉✉
✉✉
✉✉
✉
X
f // Y
where the lower triangle is commutative. Since ψ1 and g1 factor through T , we have ψ1 = (g ◦ u)1. Since
f is étale and the square of (3.13.4) commutes, there exists one and only one lifting of (X(T/p))1 → X1 to
a Y-morphism X(T/p) → X. We deduce that ψ = g ◦ u, i.e. the diagram (3.13.4) commutes. Then we have
ψ ◦ v ◦ u = ψ. By the universal property, we deduce that v ◦ u = id. The first isomorphism follows.
The second isomorphism can be verified in the same way.
Lemma 3.14 ([33] 1.1.4). Let X, Y be two flat formal S -schemes locally of finite type, f : X → Y a flat
S -morphism, T → Y1 an immersion and S = T ×Y X. Then f induces canonical isomorphisms of formal
schemes
(3.14.1) X(S/p)
∼
−→ Y(T/p) ×Y X, X
♯
(S/p)
∼
−→ Y♯(T/p) ×Y X.
Proof. By 3.12, we can reduce to the case where T → Y is a closed immersion. Let A (resp. B) be the
open ideal of finite type associated to the closed immersion T → Y (resp. S → X). Put Z = Y(B/p)×YX. By
the universal property, the morphism f induces a Y-morphism X(A /p) → Y(B/p) and then an X-morphism
u : X(A /p) → Z.
Since f is flat, Z is flat over S . We have A OZ = BOZ = pOZ. By the universal property, we deduce an
X-morphism v : Z → X(A /p). Since u, v are X-morphisms, we deduce that u ◦ v = id and v ◦ u = id by the
universal property as in the proof of 3.13.
The second isomorphism can be verified in the same way.
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4. Hopf algebras and groupoids
4.1. Let (T , A) be a ringed topos. For any A-bimodules (resp. A-bialgebras) M and N of T , M ⊗A N
denotes the tensor product of the right A-module M and the left A-module N , and we regard M ⊗A N as
an A-bimodule (resp. A-bialgebra) through the left A-action on M and the right A-action on N .
Definition 4.2 ([4] II 1.1.2 and [33] 1.2.1). Let (T , A) be a ringed topos. A Hopf A-algebra is the data of
an A-bialgebra B and three ring homomorphisms
(4.2.1) δ : B → B ⊗A B (comultiplication), π : B → A (counit), σ : B → B (antipode)
satisfying the following conditions.
(a) δ and π are A-bilinear and the following diagrams are commutative:
(4.2.2) B δ //
δ

B ⊗A B
δ⊗idB

B ⊗A B
idB ⊗δ // B ⊗A B ⊗A B
B
δ //
δ

idB
&&▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
B ⊗A B
π·idB

B ⊗A B
idB ·π // B
(b) σ is a homomorphism of A-algebras for the left (resp. right) A-action on the source and the right
(resp. left) A-action on the target, and satisfies σ2 = idB, π ◦ σ = π.
(c) The following diagrams are commutative:
(4.2.3) B π //
δ

A
d1

B ⊗A B
idB ·σ // B
B
π //
δ

A
d2

B ⊗A B
σ·idB // B
where d1 (resp. d2) is the structural homomorphism of the left (resp. right) A-algebra B.
Such a data is also called an affine groupoid of (T , A) by Berthelot ([4] II 1.1.2).
Definition 4.3 ([4] II 1.1.6). Let f : (T ′, A′) → (T , A) be a morphism of ringed topoi, (B, δB , σB, πB)
a Hopf A-algebra and (B′, δB′ , σB′ , πB′) a Hopf A′-algebra. We say that an A-bilinear homomorphism
B → f∗(B′) is a homomorphism of Hopf algebras if the following diagrams are commutative:
B
δB //

B ⊗A B

f∗(B′)
f∗(δB′ )// f∗(B′ ⊗A′ B′)
B
πB //

A

f∗(B′)
f∗(πB′)// f∗(A′)
B
σB //

B

f∗(B′)
f∗(σB′ )// f∗(B′)
where the right vertical map of the first diagram is the composition B ⊗A B → f∗(B′) ⊗f∗(A′) f∗(B
′) →
f∗(B′ ⊗A′ B′).
4.4. Let (T , A) be a ringed topos, M and N two A-bimodules. We denote by H omll(M,N) (resp.
H omlr(M,N)) the sheaf of A-linear homomorphisms from the left A-module M to the left (resp. right)
A-module N . We put M∨ = H omll(M,A). The actions of A on M induces a natural A-bimodule structure
on M∨. There exists a canonical A-bilinear morphism
(4.4.1) M∨ ⊗A N∨ → (M ⊗A N)∨
which sends ϕ⊗ ψ to θ defined by θ(m⊗ n) = ϕ(mψ(n)) for all local sections m of M and n of N .
Let E, F be two A-modules, we have a canonical morphism
(4.4.2) α : H omlr(E,F ⊗A M)→ H omll(M∨ ⊗A E,F )
defined, for every local sections θ of H omlr(E,F ⊗A M), ϕ of M∨ and e of E by
(4.4.3) α(θ)(ϕ ⊗ e) = (id⊗ϕ)
(
θ(e)
)
.
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4.5. Let B be a Hopf A-algebra. By (4.4.1), we obtain a morphism
(4.5.1) B∨ ×B∨ → (B ⊗A B)∨
δ∨
−→ B∨.
Letting π : B → A be the unit element, the above morphism induces a non-commutative ring structure onB∨.
Indeed, the associative law can be verified from the first diagram of (4.2.2). We verify that a ·1 = 1 ·a = a for
all a ∈ B∨ by the second diagram of (4.2.2). The homomorphism π : B → A induces a ring homomorphism
i : A = A∨ → B∨. In this way, we regard B∨ as a non commutative A-algebra. Using the second diagram
of (4.2.2), one verifies that the left (resp. right) action of A on B∨ via i is equal to the left (resp. right)
A-module structure of B∨ defined in 4.4.
A homomorphism of Hopf A-algebras ϕ : B → C induces homomorphism of A-algebras ϕ∨ : C∨ → B∨.
4.6. Let f : (T ′, A′) → (T , A) be a morphism of ringed topoi, (B, δB, σB, πB) a Hopf A-algebra. Suppose
that the left and the right A-algebra structures on B are equal. Then (f∗(B), f∗(δB), f∗(πB), f∗(σB)) form
a Hopf A′-algebra.
Let (B′, δB′ , σB′ , πB′) be a Hopf A′-algebra and u : B → f∗(B′) a homomorphism of Hopf algebras (4.3).
By adjunction, we obtain homomorphisms of A′-algebras
(4.6.1) u♯ : f∗(B)→ B′, u˜ : f∗(B)⊗A′ f∗(B)→ B′ ⊗A′ B′
for the left A′-algebra structures on the targets. Then the diagrams
(4.6.2) f∗(B)
f∗(δB) //
u♯

f∗(B) ⊗A′ f∗(B)
u˜

B′
δB′ // B′ ⊗A′ B′
f∗(B)
f∗(πB) //
u♯

A′
B′
πB′ // A′
are commutative. The restriction of u˜ on f−1(B ⊗A B) is given by u♯|f−1(B). In view of (4.5) and (4.6.2),
the homomorphism u♯ induces a homomorphism of A′-algebras (u♯)∨ : (B′)∨ → (f∗(B))∨.
4.7. Let X be an adic formal S -scheme. For any integer r ≥ 1, let Xr+1 be the fiber product of (r+1)-copies
of X over S . We consider X as an adic formal (Xr+1)-scheme by the diagonal immersion ∆(r) : X→ Xr+1.
We denote by τ : X2 → X2 the morphism which exchanges the factors of X2, by pi : X2 → X (i = 1, 2)
the canonical projections and by pij : X3 → X2 (1 ≤ i < j ≤ 3) be the projection whose composition with
p1 (resp. p2) is the projection X3 → X on the i-th (resp. j-th) factor.
For any formal X2-schemes Y and Z, Y ×X Z denotes the product of Y → X2
p2
−→ X and Z → X2
p1
−→ X,
and we regard Y×X Z as a formal X2-scheme by the projection Y×X Z→ X2 ×X X2 = X3
p13
−−→ X2.
Definition 4.8. Let X be an adic formal S -scheme. A formal X-groupoid over S is the data of an adic
formal X2-scheme G and three adic S -morphisms (4.7)
(4.8.1) α : G×X G→ G, ι : X→ G, η : G→ G
satisfying the following conditions.
(i) α and ι are X2-morphisms and the following diagrams are commutative:
(4.8.2) G×X G×X G
id×α //
α×id

G×X G
α

G×X G
α // G
G
ι×id //
id×ι

id
%%▲▲
▲▲
▲▲
▲▲
▲▲
▲▲
G×X G
α

G×X G
α // G
(ii) The morphism η is compatible with τ : X2 → X2 and we have η2 = idG, η ◦ ι = ι.
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(iii) Let q1 (resp. q2) be the projection G → X induced by p1 (resp. p2). The following diagrams are
commutative:
(4.8.3) G
q1 //
id×η

X
ι

G×X G
α // G
G
q2 //
η×id

X
ι

G×X G
α // G
(iv) The morphism of the underlying topological spaces |G| → |X2| factors through ∆ : |X| → |X2|.
Let ̟ : Gzar → Xzar be the morphism of topoi induced by Gzar → X2zar and its factorization through ∆.
Then we have ̟∗(OG) = q1∗(OG) = q2∗(OG). In this way, we regard OG as an OX-bialgebra of Xzar. Then,
the formal X-groupoid structure on G induces a formal Hopf OX-algebra structure on OG, that is for every
n ≥ 1, a Hopf OXn -algebra structure on OGn which are compatible.
Definition 4.9. Let X,Y be two adic formal S -schemes, f : Y → X an S -morphism, (G, αG, ιG, ηG) a
formal X-groupoid and (H, αH, ιH, ηH) a formal Y-groupoid. We say that an X2-morphism ϕ : H → G is a
morphism of formal groupoids above f if the following diagrams are commutative:
H×Y H
αH //
ϕ×ϕ

H
ϕ

G×X G
αG // G
Y
ιH //
f

H
ϕ

X
ιG // G
H
ηH //
ϕ

H
ϕ

G
ηG // G
A morphism of formal groupoids ϕ : H → G induces a homomorphism of formal Hopf algebras OG →
f∗(OH), that is for every n ≥ 1, OGn → f∗(OHn) is a homomorphism of Hopf algebras.
4.10. In the following of this section, X denotes a smooth formal S -scheme ([1] 2.4.5). We put X = X1 (2.5).
For any integer r ≥ 1, let Xr+1 be the fiber product of (r+1)-copies of X over S . We denote by RX(r) (resp.
QX(r)) the dilatation (Xr+1)(X/p) (resp. (Xr+1)
♯
(X/p)) with respect to the diagonal immersion X → X
r+1
(3.12). By 3.12(i), the canonical morphisms (RX(r))1 → Xr+1 and (QX(r))1 → (QX(r))1 → Xr+1 factor
through the diagonal immersion X → Xr+1.
To simplify the notation, we put RX = RX(1), QX = QX(1), RX = ORX and QX = OQX .
Proposition 4.11 ([33] 1.2.5 and 1.2.6). Let r, r′ be two integers ≥ 1. There exists canonical isomorphisms
(4.11.1) RX(r)×X RX(r′)
∼
−→ RX(r + r′), QX(r) ×X QX(r′)
∼
−→ QX(r + r′),
where the projections RX(r) → X and QX(r) → X (resp. RX(r′) → X and QX(r′) → X) are induced by the
projection Xr+1 → X on the last factor (resp. Xr
′+1 → X on the first factor).
Proof. By 4.10, we have a commutative diagram
(RX(r))1 ×X (RX(r′))1 //

RX(r) ×X RX(r′)

X // Xr+1 ×X Xr
′+1
By the universality of RX(r + r′) (3.12), we obtain an (Xr+r
′+1)-morphism
(4.11.2) ϕ : RX(r) ×X RX(r′)→ RX(r + r′).
On the other hand, by the universal property of RX(r) and RX(r′), the projection Xr+r
′+1 → Xr+1 on the
first (r + 1)-factors (resp. Xr+r
′+1 → Xr
′+1 on the last (r′ + 1)-factors) induces a morphism RX(r + r′) →
RX(r) (resp. RX(r + r′)→ RX(r′)) and hence an (Xr+r
′+1)-morphism
(4.11.3) ψ : RX(r + r′)→ RX(r) ×X RX(r′).
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The composition RX(r + r′)
ψ
−→ RX(r) ×X RX(r′)
ϕ
−→ RX(r + r′) → Xr+r
′+1 is the canonical morphism
RX(r+ r′)→ Xr+r
′+1. By the universal property of RX(r+ r′), we have ϕ ◦ψ = id. Let q1 (resp. q2) denote
the projection on the first (resp. second) factor of RX(r)×X RX(r′). We consider the commutative diagram
(4.11.4) RX(r) ×X RX(r′)
ϕ //
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
RX(r + r′)
ψ //
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗

RX(r) ×X RX(r′)
q1

Xr+r
′+1
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
RX(r)

Xr+1
By the universal property of RX(r), we see that q1 ◦ ψ ◦ ϕ is equal to q1. Similarly, we verify that q2 ◦ ψ ◦ ϕ
is equal to q2. Hence, we have ψ ◦ ϕ = id.
Since X is reduced, we have X = X . We have a canonical morphism (QX(r))1 ×X (QX(r′))1 →
(QX(r))1 ×X (QX(r′))1 (2.3.1) and the following commutative diagram (4.10)
(QX(r))1 ×X (QX(r′))1 // (QX(r))1 ×X (QX(r′))1 //

QX(r) ×X QX(r′)

X // Xr+1 ×X Xr
′+1
By the universal property of QX(r + r′) (3.12), we obtain an (Xr+r
′+1)-morphism
(4.11.5) QX(r) ×X QX(r′)→ QX(r + r′).
By repeating the proof for RX(r + r′), we verify that the above morphism is an isomorphism.
Proposition 4.12. The formal X2-scheme RX (resp. QX) has a natural formal X-groupoid structure.
Proof. We follow the proof of ([33] 1.2.7) where the author proves the analogues results for the X2-schemes
RX,1 and QX,1. By 4.10, the morphism of the underlying topological spaces |RX| → |X2| (resp. |QX| → |X2|)
factors through the diagonal immersion |X| → |X2|. We consider the following commutative diagram (4.10):
(4.12.1) (RX(2))1
  //

RX(2)

X3
p13

X // X2
By the universal property of RX (3.12), we deduce an adic X2-morphism
(4.12.2) αR : RX(2)→ RX.
We identify RX(2) (resp. RX(3)) and RX ×X RX (resp. RX ×X RX ×X RX) by 4.11. The diagrams
RX ×X RX ×X RX
id×αR//

RX ×X RX
αR //

RX

X4
p124 // X3
p13 // X2
RX ×X RX ×X RX
αR×id //

RX ×X RX
αR //

RX

X4
p134 // X3
p13 // X2
are commutative and the compositions of the lower horizontal arrows coincide. By the universal property of
RX, we deduce that αR ◦ (id×αR) = αR ◦ (αR × id).
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For any integer r ≥ 1, we consider the following commutative diagram:
(4.12.3) X
∆(r)

X
-

<<②②②②②②②②②
// Xr+1
By the universal property of RX(r), we deduce a Xr+1-morphism
(4.12.4) ιR(r) : X→ RX(r).
In view of 3.6, since X→ Xr+1 is an immersion, ιR(r) is a closed immersion. When r = 1, the diagrams
RX
id×ιR //

RX ×X RX
αR //

RX

X2
(p1,p2,p2) // X3
p13 // X2
RX
ιR×id //

RX ×X RX
αR //

RX

X2
(p1,p1,p2) // X3
p13 // X2
are commutative and the compositions of the lower horizontal arrows are equal to idX2 . By the universal
property of RX, we deduce that αR ◦ (id×ιR) = αR ◦ (ιR × id) = id.
We consider the following commutative diagram (4.7):
(4.12.5) RX,1
  //

RX

X2
τ

X // X2
By the universal property of RX, we deduce an adic morphism
(4.12.6) ηR : RX → RX.
Since τ ◦∆ = ∆, we deduce that ηR ◦ ιR = ιR by the universal property of RX. By construction, ηR satisfies
the condition 4.8(ii). The diagrams
(4.12.7) RX
id×ηR //

RX ×X RX
αR //

RX

X2
(p1,p2,p1) // X3
p13 // X2
RX
q1 //

X
ιR //

RX

X2
p1 // X
∆ // X2
are commutative and the compositions of the lower horizontal arrows coincide. By the universal property of
RX, we deduce that αR ◦ (id×ηR) = ιR ◦ q1. We prove the equality αR ◦ (ηR× id) = ιR ◦ q2 in the same way.
The proposition for QX can be verified in exactly the same way using 4.10 and 4.11.
4.13. We put Y = Spf(W{T1, · · · , Td}) and we present local descriptions for RY and QY (4.10). Put
ξi = 1⊗Ti−Ti⊗1 ∈ OY2 . The ideal A , associated to the diagonal closed immersion Y1 → Y2, is generated
by p, ξ1, ξ2, · · · , ξd. Hence, we have an isomorphism of OY2 -algebras (3.5.3, 4.10)
(4.13.1) OY2
{ξ1
p
, · · · ,
ξd
p
}
=
OY2{x1, · · · , xd}
(ξi − pxi)1≤i≤d
∼
−→ RY.
By 3.8, the ideal A ♯ is generated by p, ξp1 , · · · , ξ
p
d and we have an isomorphism of OY2 -algebras (3.5.3)
(4.13.2) OY2
{ξp1
p
, · · · ,
ξpd
p
}
=
OY2{x1, · · · , xd}
(ξpi − pxi)1≤i≤d
∼
−→ QY.
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Lemma 4.14. Let d be the relative dimension of X over S and ÂdX the d-dimensional affine space. Assume
that there exists an étale S -morphism f : X → Y = Spf(W{T1, · · · , Td}). Considering RX as a formal
X-scheme via the morphism q1 : RX → X (resp. q2 : RX → X), then f induces an isomorphism over X:
(4.14.1) λ : RX
∼
−→ ÂdX,
such that λ ◦ ιR : X→ ÂdX is the closed immersion associated to the zero section of Â
d
X.
Proof. We follow the proof of ([33] 1.1.8) and we first prove the assertions for Y. Observe that q1 and q2
are affine. For any 1 ≤ i ≤ d, we have 1⊗Ti = p(
ξi
p )+Ti⊗1 in RY. By (4.13.1), we deduce the isomorphisms
(4.14.2) OY{x1, · · · , xd}
∼
−→ q1∗(RY), OY{x1, · · · , xd}
∼
−→ q2∗(RY)
where xi is sent to
ξi
p in both cases. The isomorphisms (4.14.1) for Y follows. We put Y = Y1 and we
consider the following commutative diagram
(4.14.3) X2
id×f

X
∆
;;✈✈✈✈✈✈✈✈✈✈
//
f1

X×S Y
f×id

Y
∆ // Y2
where the square is Cartesian. By 3.13 and 3.14, we deduce an isomorphism
(4.14.4) RX
∼
−→ RY ×Y2 (X×S Y) = RY ×q1,Y X.
Considering RX as a formal X-scheme via q1, the isomorphism (4.14.1) follows from that of RY. The another
isomorphism can be verified in the same way. In view of the construction of ιR (4.12.4), the composition
λ ◦ ιR corresponds to the zero section.
Corollary 4.15. Keep assumptions of 4.14 and consider ξip ’s as sections of RX. We have the following
isomorphisms of OX-algebras
(4.15.1) OX{x1, · · · , xd}
∼
−→ q1∗(RX), OX{x1, · · · , xd}
∼
−→ q2∗(RX)
where xi is sent to
ξi
p in both cases.
4.16. We put Y = Spf(W{T1, · · · , Td}). By (4.13.2), we have following isomorphisms
(4.16.1)
OY{x1, · · · , xd, y1, · · · , yd}
(ypi − pxi)1≤i≤d
∼
−→ q1∗(QY),
OY{x1, · · · , xd, y1, · · · , yd}
(ypi − pxi)1≤i≤d
∼
−→ q2∗(QY)
where xi is sent to
ξp
i
p and yi is sent to ξi in both cases.
Assume that there exists an étale S -morphism f : X → Y = Spf(W{T1, · · · , Td}). We consider the ξi’s
and ξ
p
i
p ’s as sections of QX. By 3.13, 3.14 and (4.14.3), we deduce the following isomorphisms
(4.16.2)
OX{x1, · · · , xd, y1, · · · , yd}
(ypi − pxi)1≤i≤d
∼
−→ q1∗(QX),
OX{x1, · · · , xd, y1, · · · , yd}
(ypi − pxi)1≤i≤d
∼
−→ q2∗(QX)
where xi is sent to
ξp
i
p and yi is sent to ξi in both cases.
4.17. Let n be an integer ≥ 1. We describe the Hopf algebra structure ofRX,n and QX,n in terms of a system
of local coordinates. Keep the assumption and notation of 4.14. The homomorphism OX2 → OX2n ⊗OXn OX2n
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induced by p13 : X3 → X2 sends ξi to 1⊗ξi+ξi⊗1. The homomorphism OX2n → OX2n induced by τ : X
2 → X2,
sends ξi to −ξi. In view of the proof of 4.12, we have following descriptions:
δ : RX,n →RX,n ⊗OXn RX,n
ξi
p 7→ 1⊗
ξi
p +
ξi
p ⊗ 1
σ : RX,n →RX,n
ξi
p 7→ −
ξi
p
π : RX,n → OXn
ξi
p 7→ 0
(4.17.1)

δ : QX,n → QX,n ⊗OXn QX,n ξi 7→ 1⊗ ξi + ξi ⊗ 1
ξp
i
p 7→ 1⊗
ξp
i
p +
∑p−1
j=1
(p−1)!
j!(p−j)! ξ
j
i ⊗ ξ
p−j
i +
ξp
i
p ⊗ 1
σ : QX,n → QX,n ξi 7→ −ξi,
ξp
i
p 7→
(−ξi)
p
p
π : QX,n → OXn ξi 7→ 0,
ξp
i
p 7→ 0
(4.17.2)
5. Connections and stratifications
5.1. Let S be a scheme, X a smooth S-scheme, M an OX -module and λ ∈ Γ(S,OS). A λ-connection on M
relative to S is an OS-linear morphism (2.7)
(5.1.1) ∇ :M →M ⊗OX Ω
1
X/S
such that for every local sections f of OX and e of M , we have
(5.1.2) ∇(fe) = λe⊗ d(f) + f∇(e).
We will simply call ∇ a λ-connection on M when there is no risk of confusion. For any q ≥ 0, the morphism
∇ extends to a unique OS-linear morphism
(5.1.3) ∇q :M ⊗OX Ω
q
X/S →M ⊗OX Ω
q+1
X/S
such that for every local sections ω of ΩqX/S and e of M , we have
(5.1.4) ∇q(e⊗ ω) = λe⊗ d(ω) +∇(e) ∧ ω.
The composition ∇1 ◦ ∇ is OX -linear. We say that ∇ is integrable if ∇1 ◦ ∇ = 0.
Let (M,∇) and (M ′,∇′) be two OX -modules with λ-connection. A morphism from (M,∇) to (M ′,∇′)
is an OX -linear morphism u : M →M ′ such that (id⊗u) ◦ ∇ = ∇′ ◦ u.
Classically, 1-connections are called connections and integrable 0-connections are called Higgs fields. A
Higgs module is an OX -module equipped with a Higgs field.
We denote by MIC(X/S) (resp. λ-MIC(X/S), resp. HIG(X/S)) the category of OX -modules with
integrable connection (resp. λ-connection, resp. Higgs field) relative to S.
Let (M,∇) be an object of λ-MIC(X/S). We deduce that ∇q+1 ◦ ∇q = 0 for all q ≥ 0. Then we can
associate to (M,∇) a λ-de Rham complex :
(5.1.5) M ∇−→M ⊗OX Ω
1
X/S
∇1−−→M ⊗OX Ω
2
X/S
∇2−−→ · · · .
Classically, 0-de Rham complexes are called Dolbeault complexes in ([34] p. 24, [2] I.2.3) or Higgs complexes
in ([32] p. 2).
5.2. Let d, n be integers ≥ 1, S a (Z/pnZ)-scheme, f : X → AdS = Spec(OS [T1, · · · , Td]) an étale S-
morphism. For any 1 ≤ i ≤ d, we denote by ti the image of Ti in OX . Let m be an integer ≥ 0 and
(M,∇) an OX -module with integrable pm-connection relative to S. There are OS-linear endomorphisms
∇∂1 , · · · ,∇∂d of M such that for every local section e of M , we have
(5.2.1) ∇(e) =
d∑
i=1
∇∂i (e)⊗ dti.
Since ∇ is integrable, we have ∇∂i ◦ ∇∂j = ∇∂j ◦ ∇∂i for all 1 ≤ i, j ≤ d. Therefore, for every multi-index
I = (i1, · · · , id) ∈ Nd, the endomorphism ∇∂I =
∏d
j=1(∇∂j )
ij is well-defined.
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Following ([5] 4.10, [35] Definition 1.5), we say that (M,∇) is quasi-nilpotent with respect to f if, for any
open subscheme U of X and any section e ∈ M(U), there exists a Zariski covering {Uj → U}j∈J and a
family of integers {Nj}j∈J such that ∇∂I (e|Uj ) = 0 for all j ∈ J and I ∈ N
d with |I| ≥ Nj .
If f ′ : X → AdS is another étale S-morphism, (M,∇) is quasi-nilpotent with respect to f if and only if it
is quasi-nilpotent with respect to f ′ ([5] 4.13, [35] Lemma 1.6). Note that the previous result requires that
pnOS = 0.
Definition 5.3 ([5] 4.13; [35] Definition 1.8). Let n be an integer ≥ 1, S a (Z/pnZ)-scheme, X a smooth
S-scheme and (M,∇) an OX -module with integrable pm-connection relative to S. We say that (M,∇)
is quasi-nilpotent if for any point x of X , there exists a Zariski neighborhood U of x in X and an étale
S-morphism f : U → AdS such that (M,∇)|U is quasi-nilpotent with respect to f (5.2).
We denote by MICqn(X/S) (resp. λ-MICqn(X/S)) the full subcategory of MIC(X/S) (resp. λ-MIC(X/S))
consisting of the quasi-nilpotent objects.
5.4. Let m,n be two integers ≥ 0, S, T two (Z/pnZ)-schemes, X (resp. Y ) a smooth S-scheme (resp.
T -scheme). Suppose that there exists a commutative diagram
(5.4.1) X
g //

Y

S
h // T
Let (M,∇) be an object of pm-MIC(Y/T ). Taking the inverse image by g of∇, we obtain an OS-morphism
(5.4.2) g∗(M)→ g∗(M)⊗OX g
∗(Ω1Y/T ).
By composing the canonical morphism g∗(Ω1Y/T )→ Ω
1
X/S , we obtain an OS-linear morphism
(5.4.3) (g, h)∗(∇) : g∗(M)→ g∗(M)⊗OX Ω
1
X/S .
For any local section m of M and x of OX , we have
(5.4.4) (g, h)∗(∇)(xg∗(m)) = xg∗(∇(m)) + pmg∗(m)⊗ dx.
Then we see that (g, h)∗(∇) is an integrable pm-connection on g∗(M). Hence we have an inverse image
functor (cf. [21] 1.1.4, [35] page 6)
(5.4.5) (g, h)∗ : pm-MIC(Y/T )→ pm-MIC(X/S).
By ([35] Prop 1.9), it sends quasi-nilpotent objects to quasi-nilpotent objects.
Definition 5.5 ([33] 1.2.2). Let (T , A) be a ringed topos, (B, δ, π, σ) a Hopf A-algebra (4.2) and M an
A-module. A B-stratification on M is a B-linear isomorphism ε : B ⊗A M
∼
−→M ⊗A B (4.1) such that:
(i) π∗(ε) = idM .
(ii) (cocycle condition) The following diagram is commutative:
(5.5.1) B ⊗A B ⊗A M
idB ⊗ε
))❘❘
❘❘
❘❘
❘❘
❘❘
❘❘
❘
δ∗(ε) // M ⊗A B ⊗A B
B ⊗A M ⊗A B
ε⊗idB
66❧❧❧❧❧❧❧❧❧❧❧❧❧
Given two A-modules with B-stratification (M1, ε1) and (M2, ε2), a morphism from (M1, ε1) to (M2, ε2)
is an A-linear morphism f :M1 →M2 compatible with ε1 and ε2. The A-module M1⊗AM2 has a canonical
B-stratification
(5.5.2) B ⊗A M1 ⊗A M2
ε1⊗idM2−−−−−−→M1 ⊗A B ⊗A M2
idM1 ⊗ε2−−−−−−→M1 ⊗A M2 ⊗A B.
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The above stratification on the tensor product makes the category of A-modules with B-stratification into
a tensor category.
Let n be an integer ≥ 1, X an adic formal S -scheme, M an OXn -module and G a formal X-groupoid over
S (4.8). We call abusively OG-stratification on M instead of OGn-stratification on M (4.8).
Remark 5.6. Keep the notation of 5.5. If a B-linear morphism ε : B ⊗A M → M ⊗A B satisfies the
conditions (i) and (ii) of 5.5, then ε is an isomorphism. Indeed, by 4.2(c), we have
(5.6.1) (idB ⊗σ)∗(δ∗(ε)) = d∗1(π
∗(ε)) = d∗1(idM ) = idM⊗B .
Moreover, we verify that
(5.6.2) (idB ⊗σ)∗(idB ⊗ε) = σ∗(ε), (idB ⊗σ)∗(ε⊗ idB) = ε.
By the condition (ii) of 5.5, we deduce that ε ◦ σ∗(ε) = idM⊗B . Symmetrically, we have σ∗(ε) ◦ ε = idB⊗M .
Then the assertion follows.
Lemma 5.7 ([33] 1.2.4). Let (T , A) be a ringed topos, B a Hopf A-algebra and M an A-module. A B-
stratification on M is equivalent to an A-linear morphism θ : M → M ⊗A B for the right A-action on the
target satisfying the following conditions:
(i) The composition (idM ⊗π) ◦ θ :M →M ⊗A B →M is the identity morphism.
(ii) The following diagram is commutative
(5.7.1) M θ //
θ

M ⊗A B
θ⊗idB

M ⊗A B
idM ⊗δ// M ⊗A B ⊗A B
Proof. Given a stratification ε on M , we define θ for every local section m of M by θ(m) = ε(1 ⊗m).
The conditions (i) and (ii) follow from the corresponding conditions of ε. Conversely, given a morphism θ
as in the lemma, we define a B-linear morphism ε : B ⊗A M →M ⊗A B by extension of scalars. It is clear
that ε satisfies the conditions (i) and (ii) of 5.5. By 5.6, ε is an isomorphism.
Remark 5.8. Keep the notation of 5.7. In view of 4.2, the homomorphism δ : B → B ⊗A B induces a
B-stratification on the right A-module B.
5.9. Let θ :M →M⊗AB be an A-linear morphism satisfying the conditions of 5.7 and α(θ) : B∨⊗AM →M
the associated A-linear morphism (4.4.2). In view of the condition (i) of 5.7, α(θ) sends 1⊗m to m for any
local section m of M . Moreover, using the condition (ii) of 5.7, one verifies that the morphism α(θ) makes
M into a left B∨-module (cf. [33] Proof of 1.2.9 page 18 for details).
5.10. Let f : (T ′, A′) → (T , A) be a morphism of ringed topoi, B a Hopf A-algebra and B′ a Hopf
A′-algebra. A homomorphism of Hopf algebras B → f∗(B′) (4.3) induces a functor (5.5) (cf. [4] II 1.2.5):{ A-modules
with B-stratification
}
→
{ A′-modules
with B′-stratification
}
(5.10.1)
(M, ε) 7→ (f∗(M), f−1(ε)⊗f−1(B) B
′).
5.11. For a commutative ring A, we denote by A〈x1, · · · , xd〉 the PD polynomial ring in d variables ([4] I
1.5). If A is an adic ring such that pA is an ideal of the definition, we denote by A〈〈x1, · · · , xd〉〉 the p-adic
completion of the PD polynomial algebra A〈x1, · · · , xd〉.
5.12. In the following of this section, X denotes a smooth formal S -scheme. For any integer n ≥ 1, we
equip (Wn, pWn) with the canonical PD-structure γn.
Let r, n be integers≥ 1. We denote by Xr+1n the product of (r+1)-copies of Xn over Sn (2.5) and by PXn(r)
the PD-envelope of the diagonal immersion Xn → Xr+1n compatible with the PD-structure γn ([4] I 4.3.1). By
extension of scalars ([5] 3.20.8, [4] I 2.8.2), we have a canonical PD-isomorphism PXn(r)×Sn Sm
∼
−→ PXm(r)
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for all integers 1 ≤ m < n. The inductive limit PX(r) of the inductive system (PXn(r))n≥1 is an adic affine
formal (Xr+1)-scheme ([1] 2.3.10). We drop (r) from the notation when r = 1.
5.13. Let n be an integer ≥ 1. Assume that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · ·
, Td}) and we set ti the image of Ti in OXn for all 1 ≤ i ≤ d. We note ξi the section 1 ⊗ ti − ti ⊗ 1 of OX2n
and also its image in OPXn . We have canonical PD-isomorphisms for the left and the right OXn -algebras
structure of OPXn (r) ([4] I 4.4.1 and 4.5.3) (5.11):
(5.13.1) OXn〈x1, · · · , xd〉
∼
−→ q1∗(OPXn ), OXn〈x1, · · · , xd〉
∼
−→ q2∗(OPXn )
where q1, q2 : PXn → Xn are the canonical morphisms and xi is sent to ξi. For any multi-index I =
(i1, · · · , id) ∈ Nd, we put ξ[I] =
∏d
j=1 ξ
[ij ]
j ∈ OPXn . If JPXn denotes the PD-ideal of OPXn , then J
[j]
PXn
is free
with a basis {ξ[I]| |I| ≥ j} as a left (resp. right) OXn -module for any j ≥ 1 ([5] A.3).
Then we deduce the following isomorphisms (5.11)
(5.13.2) OX〈〈x1, · · · , xd〉〉
∼
−→ q1∗(OPX), OX〈〈x1, · · · , xd〉〉
∼
−→ q2∗(OPX)
where q1, q2 : PX → X are the canonical morphisms and xi is sent to ξi.
Hence, in general, the PD-scheme PXn is flat over Sn. We deduce that PX is flat over S (2.6).
5.14. For any integers n, r, r′ ≥ 1, we have a canonical isomorphism of PD-schemes ([4] II 1.3.4):
(5.14.1) λn : PXn(r) ×Xn PXn(r
′) ∼−→ PXn(r + r
′)
where the projection PXn(r) → Xn (resp. PXn(r
′) → Xn) is induced by the projection Xr+1n → Xn on the
last factor (resp. Xr
′+1
n → Xn on the first factor). Moreover, the isomorphisms λm and λn are compatible
for all integers 1 ≤ m < n (see [4] II 1.3.5). We deduce a canonical isomorphism of formal (Xr+r
′+1)-schemes
(5.14.2) PX(r) ×X PX(r′)
∼
−→ PX(r + r′).
Proposition 5.15. The formal X2-scheme PX has a natural formal X-groupoid structure.
Proof. For any r ≥ 1, the diagonal immersion ∆(r) : X→ Xr+1 induces a canonical (Xr+1)-morphism
(5.15.1) ιP (r) : X→ PX(r).
Let J be the PD-ideal of OPX1(r) associated to the closed immersion X1 → PX1(r). For any local section x
of J , we have xp = p!x[p] = 0. Hence, we have a closed immersion PX1(r) →֒ X1 (2.3). Since X1 is reduced,
the composition X1 → PX1(r)→ X1 is an isomorphism. We deduce an isomorphism:
(5.15.2) PX1(r)
∼
−→ X1.
Hence the morphism of the underlying topological spaces |PX| → |X2| factors through ∆ : |X| → |X2|. The
canonical morphism
(5.15.3) PX(2)→ X3
p13
−−→ X2
is compatible with ιP (2) and ∆. By the universal property of (PXn)n≥1, we deduce an X
2-morphism
(5.15.4) αP : PX(2)→ PX.
Similary, by the universal property of (PXn)n≥1, the composition PX → X
2 τ−→ X2 (4.7) induces a morphism
(5.15.5) ηP : PX → PX.
By the universal property of (PXn)n≥1, we verify that (αP , ιP , ηP ) defines a formal X-groupoid structure
on PX (cf. the proof of 4.12).
To simplify the notations, we put PX = OPX considered as a formal Hopf OX-algebra by (4.8, 5.15).
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Proposition 5.16 ([5] 4.12). Let n be an integer ≥ 1. There is a canonical equivalence of categories between
the category of OXn-modules with PX-stratification and the category MIC
qn(Xn/Sn) (5.3).
We recall the description of this equivalence in the local case (cf. [5] 4.12). Suppose that there exists
an étale Sn-morphism Xn → AdSn = Spec(Wn[T1, · · · , Td]). We take again the notation of 5.2 and 5.13.
Let (M,∇) be an OXn -modules with quasi-nilpotent integrable connection. The associated stratification
ε : PX ⊗OX M
∼
−→M ⊗OX PX is defined, for every local section m of M by
(5.16.1) ε(1⊗m) =
∑
I∈Nd
∇∂I (m)⊗ ξ
[I],
where the right hand side is a locally finite sum since ∇ is quasi-nilpotent.
Proposition 5.17. Let QX be the formal X-groupoid defined in 4.12. We have a canonical morphism of
formal X-groupoids (5.15)
(5.17.1) λ : PX → QX.
Proof. Note that the canonical isomorphism PX
∼
−→ X (5.15.2) fits into a commutative diagram
(5.17.2) PX //

PX

X
∆ // X2
By the universal property of QX (3.12), we deduce a canonical X2-morphism λ : PX → QX . We denote by
(αP , ιP , ηP ) (resp. (αQ, ιQ, ηQ)) the formal groupoid structure on PX (resp. QX). The diagrams
(5.17.3) PX ×X PX
λ2 //

QX ×X QX
αQ //

QX

X3 X3
p13 // X2
PX ×X PX
αP //

PX
λ //

QX

X3
p13 // X2 X2
are commutative and the compositions of the lower horizontal arrows coincide. By the universal property of
QX, we deduce that αQ ◦ λ2 = λ ◦ αP . The composition X
ιP−→ PX → X2 is the diagonal immersion. By the
universal property of QX, we deduce that λ ◦ ιP = ιQ. The following diagrams
(5.17.4) PX
ηP //

PX
λ //

QX

X2
τ // X2 X2
PX
λ //

QX
ηQ //

QX

X2 X2
τ // X2
are commutative and the compositions of the lower arrows coincide. By the universal property of QX, we
deduce that λ ◦ ηP = ηQ ◦ λ. The proposition follows.
5.18. We take again the notation of 4.10 for X. For any integers n, r ≥ 1, we denote by TX,n(r) the
PD-envelope of the closed immersion Xn →֒ (RX(r))n (4.12.4) compatible with the PD-structure γn. By
extension of scalars ([4] I 2.8.2), we have a canonical isomorphism of PD-schemes TX,n(r)×SnSm
∼
−→ TX,m(r)
for all integers 1 ≤ m < n. The inductive limit TX(r) of the inductive system (TX,n(r))n≥1 is an adic affine
formal RX(r)-scheme. We denote by
(5.18.1) ̟(r) : TX(r)→ RX(r)
the canonical morphism. We set TX = TX(1) and ̟ = ̟(1).
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5.19. Let n, r, r′ be integers ≥ 1. We denote by J(RX(r))n the ideal of O(RX(r))n associated to the closed
immersion Xn → (RX(r))n, which induces an isomorphism on the underlying topological spaces. Via the
(Xr+r
′+1
n )-isomorphism (4.11.1)
(RX(r))n ×Xn (RX(r
′))n
∼
−→ (RX(r + r′))n,
the ideal J(RX(r))n ⊗OXn O(RX(r′))n + O(RX(r))n ⊗OXn J(RX(r′))n corresponds to J(RX(r+r′))n . In view of ([4]
II 1.3.5), we deduce a canonical isomorphism of PD-schemes
(5.19.1) λn : TX,n(r) ×Xn TX,n(r
′) ∼−→ TX,n(r + r′),
where the projections TX,n(r)→ Xn (resp. TX,n(r′)→ Xn) is induced by the projection Xr+1n → Xn on the
last factor (resp. Xr
′+1
n → Xn on the first factor). In view of the construction of (5.19.1), the isomorphisms
λm and λn are compatibles for all integers 1 ≤ m < n. We deduce a canonical isomorphism of formal
(Xr+r
′+1)-schemes
(5.19.2) TX(r)×X TX(r′)
∼
−→ TX(r + r′).
Proposition 5.20. The formal X2-scheme TX has a natural formal X-groupoid structure such that the
morphism ̟ : TX → RX (5.18.1) is a morphism of formal X-groupoids (4.9, 4.12).
Proof. Since the morphism of underlying topological spaces |RX| → |X2| factors through ∆ : |X| → |X2|,
the same holds for |TX|. The X2-morphism ιR(r) : X→ RX(r) (4.12.4) induces a canonical X2-morphism
(5.20.1) ιT (r) : X→ TX.
The composition of ̟(2) and αR (4.12.2)
(5.20.2) TX(2)→ RX(2)→ RX
is compatible with ιT (2) and ιR. By the universal property of (TX,n)n≥1, we deduce an X2-morphism
(5.20.3) αT : TX(2)→ TX
compatible with αR. We identify TX(2) and TX ×X TX (resp. TX(3) and TX ×X TX ×X TX) by 5.19. The
diagrams
TX ×X TX ×X TX
id×αT //

TX ×X TX
αT //

TX

RX ×X RX ×X RX
id×αR// RX ×X RX
αR // RX
TX ×X TX ×X TX
αT×id //

TX ×X TX
αT //

TX

RX ×X RX ×X RX
αR×id // RX ×X RX
αR // RX
are commutative and the compositions of the lower horizontal arrows coincide. By the universal property
of (TX,n)n≥1, we deduce that αT ◦ (id×αT ) = αT ◦ (αT × id). Since ηR ◦ ιR = ιR (4.8(ii)), by the universal
property of (TX,n)n≥1, the composition TX → RX
ηR
−−→ RX (4.12.6) induces a morphism
(5.20.4) ηT : TX → TX.
By the universal property of (TX,n)n≥1, we verify that (αT , ιT , ηT ) is a formal X-groupoid structure on
TX (cf. the proof of 4.12). In view of the proof, the morphism ̟ is clearly a morphism of formal groupoids.
5.21. To simplify the notation, we set TX = OTX considered as a formal Hopf OX-algebra (4.8) and we present
a local description for it. Assume that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · , Td}).
We put ξi = 1⊗ Ti − Ti − 1 and we consider
ξi
p as the section of RX (4.13) and of TX.
Let n be an integer ≥ 1. By 4.14 and 4.15, the closed immersion Xn → RX,n of smooth Sn-schemes is
regular ([27] 17.12.1) and ( ξ1p , · · · ,
ξd
p ) is a regular sequence which generates JRX,n (5.19). In view of ([4] I
4.5.1 and 4.5.2), we deduce the following isomorphisms:
(5.21.1) OXn〈x1, · · · , xd〉
∼
−→ q1∗(OTX,n) OXn〈x1, · · · , xd〉
∼
−→ q2∗(OTX,n),
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where q1, q2 : TX,n → Xn are the canonical projections and xi is sent to
ξi
p in both cases.
Then we deduce the following isomorphisms (5.11)
(5.21.2) OX〈〈x1, · · · , xd〉〉
∼
−→ q1∗(TX) OX〈〈x1, · · · , xd〉〉
∼
−→ q2∗(TX),
where q1, q2 : TX → X are the canonical projections and xi is send to
ξi
p in both cases. For any multi-index
I = (i1, i2, · · · , id) ∈ Nd, we put ( ξp )
[I] =
∏d
j=1(
ξj
p )
[ij ] ∈ TX.
Proposition 5.22 ([35] Prop. 2.9). Let n be an integer ≥ 1. There is a canonical equivalence of categories
between the category of OXn-modules with TX-stratification and the category p-MIC
qn(Xn/Sn) (5.3).
We recall the description of this equivalence in the local case (cf. [35] Prop. 2.9). Suppose that there
exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · , Td}). We take again the notation of 5.2 and 5.21.
Let (M,∇) be an OXn-modules with quasi-nilpotent integrable p-connection. The associated stratification
ε : TX ⊗OX M
∼
−→M ⊗OX TX is defined, for every local section m of M by
(5.22.1) ε(1⊗m) =
∑
I∈Nd
∇∂I (m)⊗
(
ξ
p
)[I]
,
where the right hand side is a locally finite sum since ∇ is quasi-nilpotent.
Lemma 5.23. There exists a canonical morphism of formal X-groupoids
(5.23.1) ς : RX → PX.
Proof. Recall (3.7) that we have a commutative diagram
RX,1 //

RX

X // X2
Since RX is flat over W, the ideal (p) of ORX has a canonical PD-structure. By the universal property of PD-
envelope, we deduce a canonical X2-morphism ς : RX → PX. We denote by (αR, ιR, ηR) (resp. (αP , ιP , ηP ))
the formal groupoid structure on RX (resp. PX). By the universal property of (PX,n)n≥1, we verify that ς is
a morphism of formal X-groupoids (cf. the proof of 5.17).
5.24. Let s : PX → RX be the homomorphism of formal Hopf algebras induced by ς. We present a local
description of s. Suppose that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · , Td}) and we
put ti the image of Ti in OX and ξi = 1 ⊗ ti − ti ⊗ 1 ∈ OX2 . We take again the notation of 4.15 and 5.13.
In view of the construction of ς, for any multi-index I ∈ Nd, we have
(5.24.1) s(ξ[I]) =
p|I|
I!
( ξ
p
)I
.
We denote by JR (resp. JP ) the ideal sheaf of RX (resp. PX) associated to the closed immersion ιR (resp.
ιP ). Note that the p-adic valuation of I! is ≤
∑
k≥1⌊
|I|
pk
⌋ < |I|. By (5.24.1), we deduce that in general, s is
injective and s(JP ) ⊂ pJR. Then we have s(J
[i]
P ) ⊂ p
iJ iR for any 1 ≤ i ≤ p− 1. By dividing by p
i, we obtain
OX-bilinear morphisms
(5.24.2) si : J [i]P → J
i
R ∀ 0 ≤ i ≤ p− 1,
where s0 denotes the morphism s.
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6. Local constructions of Shiho
In this section, X denotes a smooth formal S -scheme, X the special fiber of X, X′ = X×S ,σ S the base
change of X by σ (2.1) and π : X′ → X the canonical projection.
6.1. Let n be an integer ≥ 1. We assume that there exists an Sn+1-morphism Fn+1 : Xn+1 → X′n+1
(2.5) whose reduction modulo p is the relative Frobenius morphism FX/k of X (2.2) and we denote by
Fn the reduction modulo pn of Fn+1. The morphism Fn+1 induces an (OXn+1)-linear morphism dFn+1 :
F ∗n+1(Ω
1
X′n+1/Sn+1
) → Ω1Xn+1/Sn+1 whose image is contained in pΩ
1
Xn+1/Sn+1
. It induces an OXn -linear
morphism
(6.1.1)
dFn+1
p
: F ∗n(Ω
1
X′n/Sn
)→ Ω1Xn/Sn
such that the following diagram commutes:
F ∗n+1(Ω
1
X′n+1/Sn+1
)
dFn+1 //

Ω1Xn+1/Sn+1
F ∗n(Ω
1
X′n/Sn
)
dFn+1/p // Ω1Xn/Sn
p
OO
6.2. Let M ′ be an OX′n-module. We denote by ζn the composition
(6.2.1) ζn : F ∗n(Ω
1
X′n/Sn
⊗OX′n
M ′) ∼−→ F ∗n(Ω
1
X′n/Sn
)⊗OXn F
∗
n(M
′)→ Ω1Xn/Sn ⊗OXn F
∗
n(M
′),
i.e., the composition of dFn+1p ⊗ id and the canonical isomorphism.
Let (M ′,∇′) be an OX′n -module with an integrable p-connection relative to Sn (5.1). We construct a
Wn-linear morphism ∇ : F ∗n(M
′)→ Ω1Xn/Sn ⊗OXn F
∗
n(M
′) as follows. For any local sections f of OXn and
e of M ′, we put
(6.2.2) ∇(fF ∗n(e)) = fζn(F
∗
n(∇
′(e))) + df ⊗ (F ∗n (e)).
We define ∇ by additivity and we prove below that ∇ is well-defined and is an integrable connection on
F ∗n(M
′) relative to Sn.
Let f˜ be a local section of OXn+1, f˜
′ = π∗(f˜) ∈ OX′n+1 and e a local section of M
′. There exists a local
section a˜ of OXn+1 such that F
∗
n+1(f˜
′) = f˜p+ pa˜. Then, we have dFn+1p (F
∗
n(df
′)) = fp−1df + da, where f, f ′
and a are the reductions modulo pn of f˜ , f˜ ′ and a˜. We deduce that
∇(F ∗n(f
′e)) = ζn(F ∗n(f
′∇′(e))) + ζn(F ∗n(pdf
′ ⊗ e))
= (fp + pa)ζn(F ∗n (∇
′(e))) + p(fp−1df + da)⊗ (F ∗n (e)),
= ∇((fp + pa)F ∗n(e)),
which implies that ∇ is well-defined.
It is clear that ∇ is a connection. To verify the integrability of ∇, we can assume that X is affine and
that there exists an étale Sn+1-morphism Xn+1 → AdSn+1 = Spec(Wn+1[T1, · · · , Td]). For any 1 ≤ i ≤ d,
let ti be the image of Ti in OXn and t
′
i = π
∗(ti) ∈ OX′n . There exists a section ai of OXn such that
dFn+1
p (dt
′
i) = t
p−1
i dti + dai and a Wn-linear morphism θi : M
′ → M ′ such that for every local section e of
M ′, we have ∇′(e) =
∑d
i=1 dt
′
i ⊗ θi(e). Then we have
(6.2.3) ∇(F ∗n (e)) =
d∑
i=1
(tp−1i dti + dai)⊗ F
∗
n(θi(e)).
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We deduce that
∇1
(
∇
(
F ∗n (e)
)
= ∇1
( d∑
i=1
(tp−1i dti + dai)⊗ F
∗
n(θi(e))
)
=
d∑
i=1
−(tp−1i dti + dai) ∧∇(F
∗
n (θi(e)))
= −
d∑
i=1
d∑
j=1
(tp−1i dti + dai) ∧ (t
p−1
j dtj + daj)⊗ F
∗
n(θj(θi(e))).
Since ∇′ is integrable, θi ◦ θj = θj ◦ θi for all 1 ≤ i, j ≤ d. We deduce that ∇ is integrable.
Lemma 6.3. Let (M ′, θ) be a Higgs module on X ′/k (5.1) and ∇ the integrable connection onM = F ∗X/k(M
′)
constructed in 6.2. If (M ′, θ) is quasi-nilpotent (5.3), then so is (M,∇).
Proof. The question being local, we can reduce to the case where there exists an étale S2-morphism X2 →
Ad
S2
= Spec(W2[T1, · · · , Td]). We take again the notation of 6.2. There exists OX -linear endomorphism
θi : M ′ → M ′ for 1 ≤ i ≤ d such that for every local section e of M ′, we have θ(e) =
∑d
i=1 θi(e)⊗ dt
′
i. We
set ∂i the dual of dti. By (6.2.3), we have
(6.3.1) ∇∂i(F
∗
X/k(e)) = t
p−1
i F
∗
X/k(θi(e)) +
d∑
j=1
∂aj
∂ti
F ∗X/k(θj(e)).
We denote by ψ : M → M ⊗OX F
∗
X(Ω
1
X/k) the p-curvature associated to ∇ ([21] 5.0). There exists
OX -linear endomorphisms ψi :M →M for 1 ≤ i ≤ d such that
(6.3.2) ψ =
d∑
i=1
ψi ⊗ F
∗
X(dti).
Recall ([21] 5.2) that ψi and ψj commutes for 1 ≤ i, j ≤ d. For any I = (i1, · · · , id) ∈ Nd, we put
ψI =
∏d
j=1 ψ
ij
j and θI =
∏d
j=1 θ
ij
j . The pth iterate ∂
(p)
i of ∂i is zero ([21] 5.0). Then we have
(6.3.3) ψi = (∇∂i )
p.
By (6.3.1) and induction, one verifies that for any integer l ≥ 1, there exist elements {al,I ∈ OX}I∈Nd,1≤|I|≤l
such that for every local section e of M ′, we have
(6.3.4) (∇∂i)
l(F ∗X/k(e)) =
∑
1≤|I|≤l
al,IF
∗
X/k(θI(e)).
Since the ψi’s are OX -linear morphisms, if there exists an integer N such that θI(e) = 0 for all |I| ≥ N , then
ψI(F ∗X/k(e)) = 0 for all |I| ≥ N by (6.3.3) and (6.3.4). We deduce that ∇ is quasi-nilpotent.
6.4. With the notation of 5.1 and 6.2, Shiho constructed a functor (cf. [35] 2.5)
Φn : p-MIC(X′n/Sn) → MIC(Xn/Sn).(6.4.1)
(M ′,∇′) 7→ (F ∗n(M
′),∇)
By 6.3, the functor Φ1 sends quasi-nilpotent objects to quasi-nilpotent objects. Then by dévissage ([35] Prop
1.13), the same holds for Φn. It induces an equivalence of the categories ([35] Theorem 3.1):
(6.4.2) Φn : p-MICqn(X′n/Sn)
∼
−→ MICqn(Xn/Sn).
Let (M ′,∇′) be an object of p-MIC(X′n/Sn) and (M,∇) = Φn(M
′,∇′). In view of (6.2.2), the adjunction
morphism of idM ⊗ ∧• (
dFn+1
p ) (6.1.1) induce a W-linear morphism of complexes (5.1.5)
(6.4.3) λ :M ′ ⊗OX′n Ω
•
X′n/Sn
→ FX/k∗(M ⊗OXn Ω
•
Xn/Sn
).
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Indeed, for local coordinates t1, · · · , td of X′n over Sn, any local section of M
′ ⊗OX′n
Ωq
X′n/Sn
can be written
as a sum of sections of the form m⊗ dti1 ∧ · · · ∧ dtiq . Using (6.2.2), one verifies that (6.4.3) is a morphism
of complexes.
Remark 6.5. Given an OX′ -module M ′, the Frobenius descent connection ∇can on F ∗X/k(M
′) is defined for
every local sections m of M ′ and f of OX , by
(6.5.1) ∇can(fF ∗X/k(m)) = m⊗ df.
It is integrable and of p-curvature zero. Cartier descent states that the functor M ′ 7→ (F ∗X/k(M
′),∇can)
induces an equivalence of categories between the category of quasi-coherent OX′ -modules and the full sub-
category of MICqn(X/k) consisting of quasi-coherent objects whose p-curvature is zero ([21] 5.1). Considering
OX′ -modules as Higgs modules with the zero Higgs field, by (6.2.2), we see that Φ1 is compatible with Cartier
descent.
6.6. Let (M ′, θ) be a Higgs module on X ′/k and ℓ an integer ≥ 0. We suppose that (M ′, θ) is nilpotent of
level ≤ ℓ, i.e. there exists an increasing filtration of M ′:
(6.6.1) 0 = N ′0 ⊂ N
′
1 ⊂ · · · ⊂ N
′
ℓ ⊂ N
′
ℓ+1 =M
′
such that θ(N ′i) ⊂ N
′
i−1 ⊗OX′ Ω
1
X′/k for 1 ≤ i ≤ ℓ+ 1. Then the induced Higgs field on gr
i
N ′(M
′) is trivial.
We set (M,∇) = Φ1(M ′, θ) and Ni = Φ1(N ′i , θ|N
′
i) for 0 ≤ i ≤ ℓ + 1. By (6.2.2), we see that ∇ induces
an integrable connection on each graded piece griN (M), with zero p-curvature.
We have a filtration on the de Rham complexM ⊗OX Ω
•
X/k (resp. the Dolbeault complexM
′⊗OX′ Ω
•
X′/k)
defined by:
Ni ⊗OX Ω
•
X/k (resp. N
′
i ⊗OX′ Ω
•
X′/k).
Proposition 6.7. The morphism of complexes (6.4.3) induces for every i ∈ [1, ℓ+ 1] a quasi-isomorphism
(6.7.1) N ′i ⊗OX′ Ω
•
X′/k → FX/k∗(Ni ⊗OX Ω
•
X/k).
Proof. Following ([31] 1.2), we first consider the case where ℓ = 0, i.e. θ is the zero Higgs field. Then ∇ is
the Frobenius descent connection on M = F ∗X/k(M
′). When M ′ = OX′ , the morphism on the cohomology
induced by λ (6.4.3) is the Cartier isomorphism ([21] 7.2)
(6.7.2) C−1X/k : Ω
i
X′/k
∼
−→ Hi(FX/k∗(Ω
•
X/k)).
Since FX/k induces an isomorphism on the underlying topological spaces, we have an isomorphism of com-
plexes
(6.7.3) M ′ ⊗OX′ FX/k∗(Ω
•
X/k)
∼
−→ FX/k∗(M ⊗OX Ω
•
X/k).
Since FX/k∗(Ω•X/k) is a complex of flat OX′ -modules whose cohomology sheaves are also flat (6.7.2), the
canonical morphism
(6.7.4) M ′ ⊗OX′ Ω
i
X′/k
∼
−→M ′ ⊗OX′ H
i(FX/k∗(Ω
•
X/k))→ H
i(M ′ ⊗OX′ FX/k∗(Ω
•
X/k))
is an isomorphism. The assertion in the case ℓ = 0 follows.
We prove the general case by induction on i. The assertion for i = 1 is already proved. If the assertion is
true for i− 1, then the assertion for i follows by dévissage from the induction hypothesis.
6.8. In the following of this section, we suppose that there exists an S -morphism F : X → X′ which lifts
the relative Frobenius morphism FX/k of X . We take again the notation of RX, QX, TX and PX (4.12, 5.20,
5.15)
Proposition 6.9. The morphism F induces a morphism of formal groupoids above F (4.9)
(6.9.1) ψ : QX → RX′ .
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Proof. First, we show that there exists a morphism g : QX,1 → X ′ which fits into a commutative diagram
(6.9.2) QX,1 //
g

QX

X2
F 2

X ′
∆ // X′2
where the bottom map is induced by the diagonal immersion. The problem being local on X, we can assume
that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · , Td}). For any 1 ≤ i ≤ d, we put ti the
image of Ti in OX, t′i = π
∗(ti) ∈ OX′ , ξi = 1 ⊗ ti − ti ⊗ 1 ∈ OX2 and ξ′i = 1 ⊗ t
′
i − t
′
i ⊗ 1 ∈ OX′2 . Locally,
there is a section ai of OX such that F ∗(t′i) = t
p
i + pai. Then we have
F 2∗(ξ′i) = 1⊗ t
p
i − t
p
i ⊗ 1 + p(1⊗ ai − ai ⊗ 1)(6.9.3)
= (ξi + ti ⊗ 1)p − t
p
i ⊗ 1 + p(1⊗ ai − ai ⊗ 1)
= ξpi +
p−1∑
j=1
(
p
j
)
ξji (ti ⊗ 1)
p−j + p(1⊗ ai − ai ⊗ 1).
Since ξpi = p ·
( ξp
i
p
)
in QX, the image of F 2∗(ξ′i) in QX is contained in pQX. The existence of g follows. By the
universal property of RX′ (3.12), we deduce an X′2-morphism ψ : QX → RX′ . Using the universal property
of RX′ , we verify that ψ is a morphism of formal groupoids above F (cf. the proof of 5.17).
6.10. We denote the composition of ψ : QX → RX′ and λ : PX → QX (5.17.1) by
(6.10.1) φ : PX → RX′ .
The morphism φ is a morphism of formal groupoids above F (4.9).
Lemma 6.11 ([35] Prop. 2.14). The morphism φ induces a morphism of formal groupoids above F
(6.11.1) ϕ : PX → TX′.
Proof. For any n ≥ 1, by φ ◦ ιP = F ◦ ιR′ (4.8(ii)) and the universal property of TX′,n (5.18), φn : PXn →
RX′,n induces a PD-RX′,n-morphism ϕn : PXn → TX′,n. For any 1 ≤ m < n, since φm and φn are compatible,
we see that ϕm and ϕn are compatible. Hence we obtain a X′2-morphism ϕ : PX → TX′. It follows from 6.10
and the universal property of (TX′,n)n≥1 that ϕ is a morphism of formal groupoids above F .
6.12. We have a commutative diagram of formal groupoids
(6.12.1) PX
ϕ //
φ
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼▼
λ

TX′
̟

QX
ψ // RX′
where ϕ, φ, ψ are induced by F . By 5.10, we deduce a commutative diagram:
(6.12.2)
{
OX′n -modules
with RX′ -stratification
} ψ∗n //
̟∗n

{
OXn-modules
with QX-stratification
}
λ∗n
{
OX′n -modules
with TX′-stratification
}
ϕ∗n //
{
OXn-modules
with PX-stratification
}
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6.13. Let n be an integer ≥ 1 and Fn (resp. Fn+1) the reduction modulo pn (resp. pn+1) of F . In ([35]
Prop. 2.17), Shiho proves that, through the equivalences of categories 5.16 and 5.22, the functor
ϕ∗n :
{ OX′n-modules
with TX′ -stratification
}
→
{ OXn-modules
with PX-stratification
}
(6.13.1)
(M, ε) 7→ (F ∗n (M), ϕ
−1(ε)⊗ϕ−1(TX′) PX).
coincides with the functor induced by Fn+1 (6.4.2)
Φn : p-MICqn(X′n/Sn)
∼
−→ MICqn(Xn/Sn).
7. Oyama topoi
In this section, X denotes a k-scheme. If we use a gothic letter T to denote an adic formal S -scheme,
the corresponding roman letter T will denote its special fiber T⊗W k.
Definition 7.1 ([33] 1.3.1). We define the category E (X/S ) (resp. E (X/S )) as follows.
(i) An object of E (X/S ) is a triple (U,T, u) consisting of an open subscheme U of X , a flat formal
S -scheme T (2.6) and an affine k-morphism u : T → U .
(ii) An object of E (X/S ) is a triple (U,T, u) consisting of an open subscheme U of X , a flat formal
S -scheme T and an affine k-morphism u : T → U , where T is the closed subscheme of T defined in
2.3.
(iii) Let (U1,T1, u1) and (U2,T2, u2) be two objects of E (X/S ) (resp. E (X/S )). A morphism from
(U1,T1, u1) to (U2,T2, u2) consists of an S -morphism f : T1 → T2 and an X-morphism g : U1 → U2
such that g ◦ u1 = u2 ◦ fs (resp. g ◦ u1 = u2 ◦ fs), where fs is the reduction modulo p of f .
We denote an object (U,T, u) of E (resp. E ) simply by (U,T), if there is no risk of confusion.
To simplify the notation, we drop (X/S ) in the notation E (X/S ) (resp. E (X/S )) and we write simply
E (resp. E ), if there is no risk of confusion. We put E ′ = E (X ′/S ) (2.2).
Lemma 7.2. Let f : T1 → T2 be an S -morphism of flat formal S -schemes and fs : T1 → T2 its special
fiber.
(i) If fs is an isomorphism, then f is an isomorphism.
(ii) If fs is flat, then the morphism T1,n → T2,n induced by f (2.5) is flat for all integer n ≥ 1.
Proof. We can reduce to the case where T1 = Spf(B), T2 = Spf(A) are affine ([1] 2.1.37) and f is induced
by an adic W-homomorphism u : A → B. For any integers n ≥ 1, we put An = A/pnA, Bn = B/pnB,
grn(A) = pnA/pn+1A and grn(B) = pnB/pn+1B. Since A and B are flat over W, the canonical morphism
of B1-modules
(7.2.1) B1 ⊗A1 gr
n(A)→ grn(B)
is an isomorphism.
(i) If u induces an isomorphism A1
∼
−→ B1, we deduce that u is an isomorphism by (7.2.1) and ([8] III
§ 2.8 Cor. 3 to Théo. 1).
(ii) If B1 is flat over A1, we deduce that Bn is flat over An for all integer n ≥ 1 by (7.2.1) and the local
criteria of flatness ([8] III § 5.2 Théo. 1).
7.3. We say that a morphism (U1,T1, u1) → (U2,T2, u2) of E (resp. E ) is flat if the special fiber T1 → T2
of the morphism T1 → T2 is flat.
Let (U1,T1, u1) → (U,T, u) be a flat morphism and (U2,T2, u2) → (U,T, u) a morphism of E (resp. E ).
Their fiber product is represented by the fiber products T12 = T1×TT2 which is flat over S in view of 7.2(ii)
and 2.6, and U12 = U1 ×U U2 endowed with the affine morphism T1 ×T T2 → U1 ×U U2 (resp. composite
morphism T1 ×T T2 → T1 ×T T2 → U1 ×U U2 (2.3.1)) induced by u1, u2 and u.
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7.4. Let (U,T, u) be an object of E . We have a commutative diagram
(7.4.1) U
FU/k

T
uoo   //
FT/k

T
FT/k

fT/k
yyrrr
rr
rr
rr
rr
r
U ′ T ′
u′oo   // T ′
where the vertical arrows denote the relative Frobenius morphisms (2.2, 2.3). It is clear that (U ′,T, u′◦fT/k)
is an object of E ′ (7.1). Moreover, the correspondence (U,T, u) 7→ (U ′,T, u′ ◦ fT/k) is functorial. We denote
by ρ the functor defined as above:
(7.4.2) ρ : E → E ′, (U,T, u) 7→ (U ′,T, u′ ◦ fT/k).
The functor ρ sends flat morphisms to flat morphisms and it commutes with the fibered product of a
flat morphism and a morphism of E . Indeed, by functoriality, if T1 → T and T2 → T are two morphisms
of k-schemes, the canonical morphism fT1 × fT2 : T1 ×T T2 → T1
′ ×T ′ T2
′ is equal to the composition
T1 ×T T2 → (T1 ×T T2)′ → (T1 ×T T 2)
′ = T1′ ×T ′ T2
′.
Definition 7.5. (i) We say that a morphism f : (U1,T1) → (U2,T2) of E is Cartesian if the following
diagram is Cartesian
(7.5.1) T1 //

T2

U1 // U2
(ii) We say that a morphism f : (U1,T1) → (U2,T2) of E is Cartesian if ρ(f) (7.4.2) is a Cartesian
morphism of E ′.
If f : (U1,T1) → (U2,T2) is a Cartesian morphism of E (resp. E ), T1 is an open subscheme of T2 and f
identifies T1 with the open formal subscheme induced by T2 on T1 by 7.2(i).
A Cartesian morphism is clearly flat (7.3). By 7.3 and 7.4, the base change of a Cartesian morphism of
E (resp. E ) is Cartesian. The composition of Cartesian morphisms of E (resp. E ) is clearly Cartesian.
7.6. Let (U,T, u) be an object of E (resp. E ) and V an open subscheme of U . Note that the canonical
morphism T → T induces an isomorphism on the underlying topological spaces. We denote by TV the
restriction of T to the open subset u−1(V ) of the topological space |T |. If (U,T) is an object of E , we denote
by TV the special fiber of TV , i.e. the subscheme of T induced on u−1(V ). Then, we have a canonical
isomorphism (TV )′
∼
−→ T ′ ×U ′ V
′. Hence, we obtain an object (V,TV ) of E (resp. E ) and a Cartesian
morphism (V,TV )→ (U,T) of E (resp. E ).
Let (U,T) be an object of E , (U ′,T) = ρ(U,T) and V an open subscheme of U . Since ρ takes Cartesian
morphisms to Cartesian morphisms, we have ρ(V,TV ) = (V ′,TV ′).
Any morphism (U1,T1) → (U2,T2) of E (resp. E ) factors uniquely through the Cartesian morphism
(U1, (T2)U1) → (U2,T2). The category E (resp. E ) is fibered over the category Zar/X of open subschemes
of X by the functor
π : E → Zar/X (resp. E → Zar/X) (U,T) 7→ U,(7.6.1)
7.7. Let (U,T) be an object of E (resp. E ). By 7.6, we have a functor
(7.7.1) α(U,T) : Zar/U → E (resp. E ) V 7→ (V,TV ).
Let f : (U1,T1)→ (U2,T2) be a morphism of E (resp. E ), f : Zar/U1 → Zar/U2 the functor induced by
composing with U1 → U2. Then, the morphism f induces a morphism of functors:
(7.7.2) βf : α(U1,T1) → α(U2,T2) ◦ f .
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Let F be a presheaf on E (resp. E ). We denote by F(U,T) the presheaf F ◦ α(U,T) on Zar/U . The
morphism βf induces a morphism of presheaves:
(7.7.3) γf : F(U2,T2)|U1 → F(U1,T1).
It is clear that γid = id. By construction, if f is a Cartesian morphism, then γf is an isomorphism. If
g : (U2,T2)→ (U3,T3) is another morphism of E (resp. E ), we verify that
(7.7.4) γg◦f = γf ◦ ∗f(γg),
where ∗f denotes the localisation functor from the category of presheaves on Zar/U2 to the category of
presheaves on Zar/U1 .
Proposition 7.8. A presheaf F on E (resp. E ) is equivalent to the following data:
(i) For every object (U,T) of E (resp. E ) a presheaf F(U,T) on Zar/U ,
(ii) For every morphism f : (U1,T1)→ (U2,T2) of E (resp. E ) a morphism γf : F(U2,T2)|U1 → F(U1,T1),
subject to the following conditions
(a) If f is the identity morphism of (U,T), then γf is the identity of F(U,T).
(b) If f is a Cartesian morphism, then γf is an isomorphism.
(c) If f and g are two composable morphisms of E (resp. E ), then we have γg◦f = γf ◦ ∗f (γg).
Proof. Let {F(U,T), γf} be a data as in the proposition. We associate to it a presheaf on E (resp. E )
as follows. Let (U,T) be an object of E (resp. E ). We define F (U,T) = F(U,T)(U). For any morphism
f : (V,Z)→ (U,T) of E (resp. E ), we deduce a morphism from γf
(7.8.1) F(U,T)(U)→ F(U,T)(V )→ F(V,Z)(V ).
In view of conditions (a) and (c), the correspondence
(7.8.2) (U,T) 7→ F(U,T)(U)
is a presheaf. In view of condition (b), the above construction is quasi-inverse to the construction of 7.7.
The assertion follows.
We call descent data associated to F the data {F(U,T), γf} as in the proposition.
Definition 7.9 ([33] 1.3.1). Let (U,T, u) be an object of E (X/S ) (resp. E (X/S )). We denote by
Cov(U,T, u) the set of families of Cartesian morphisms {(Ui,Ti, ui)→ (U,T, u)}i∈I such that {Ui → U}i∈I
is a Zariski covering.
7.10. By 7.5, we see that the sets Cov(U,T) for (U,T) ∈ Ob(E (X/S )) (resp. (U,T) ∈ Ob(E (X/S ))) form
a pretopology ([3] II 1.3). We call Zariski topology on E (X/S ) (resp. E (X/S )) the topology associated to
the pretopology defined by the Cov(U,T)’s. We denote by E˜ (X/S ) (resp. E˜ (X/S )) the topos of sheaves
of sets on E (X/S ) (resp. E (X/S )), equipped with the Zariski topology.
To simplify the notation, we drop (X/S ) in the notation E˜ (X/S ) (resp. E˜ (X/S )) and write simply E˜
(resp. E˜ ), if there is no risk of confusion. We put E˜ ′ = E˜ (X ′/S ).
Proposition 7.11. Let F be a presheaf on E (resp. E ) and {F(U,T), γf} the associated descent data (7.8).
Then F is a sheaf for the Zariski topology, if and only if for each object (U,T) of E (resp. E ), the presheaf
F(U,T) (7.7) is a sheaf of Uzar (2.8).
Proof. Let (U,T) be an object of E (resp. E ). The functor α(U,T) (7.7.1) sends morphisms of Zar/U to
Cartesian morphisms of E (resp. E ) and commutes with fibered products. It is clearly continuous for the
Zariski topologies. Hence, if F is a sheaf, then F(U,T) is a sheaf of Uzar ([3] III 1.2).
Conversely, suppose that each presheaf F(U,T) is a sheaf of Uzar. Let {(Ui,Ti)→ (U,T)}i∈I be an element
of Cov(U,T). In view of condition (b) of 7.8, we deduce that the sequence
F (U,T)→
∏
i∈I
F (Ui,Ti)⇒
∏
i,j∈I
F (Uij ,Tij)
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is exact, where (Uij ,Tij) = (Ui,Ti)×(U,T) (Uj ,Tj). Hence, F is a sheaf.
7.12. Recall that a family of morphisms of schemes {fi : Ti → T }i∈I is called an fppf covering if each
morphism fi is flat and locally of finite presentation and if |T | =
⋃
i∈I fi(|Ti|) (cf. [23] IV 6.3.2).
We say that a family of S -morphisms of flat formal S -schemes {fi : Ti → T}i∈I is an fppf covering
if each morphism fi is locally of finite presentation ([1] 2.3.15) and if its special fiber {Ti → T }i∈I is an
fppf covering of schemes. By ([1] 2.3.16) and 7.2(ii), a family of S -morphisms of flat formal S -schemes
{Ti → T}i∈I is an fppf covering if and only if the family {Ti,n → Tn}i∈I is an fppf covering of schemes for
all integer n ≥ 1.
Recall that an adic formal S -scheme T is flat over S if and only if Tn is flat over Sn for all integer n ≥ 1
(2.6). Since fppf coverings of schemes are stable by base change and by composition, the same holds for fppf
coverings of flat formal S -schemes.
Definition 7.13. Let (U,T, u) be an object of E (X/S ) (resp. E (X/S )). We denote by Covfppf(U,T, u)
the set of families of flat morphisms {(Ui,Ti, ui) → (U,T, u)}i∈I (7.3) such that {Ui → U}i∈I is a Zariski
covering and that {Ti → T}i∈I is an fppf covering (7.12).
It is clear that Covfppf(U,T, u) contains Cov(U,T, u) (7.9).
7.14. By 7.3 and 7.12, we see that the sets Covfppf(U,T) for (U,T) ∈ Ob(E (X/S )) (resp. (U,T) ∈
Ob(E (X/S ))) form a pretopology ([3] II 1.3). We call fppf topology the topology on E (X/S ) (resp.
E (X/S )) associated to the pretopology defined by the sets Covfppf(U,T). We denote by E˜ (X/S )fppf (resp.
E˜ (X/S )fppf) the topos of sheaves of sets on E (X/S ) (resp. E (X/S )), equipped with the fppf topology.
To simplify the notation, we drop (X/S ) in the notation E˜ (X/S )fppf (resp. E˜ (X/S )fppf) and write
simply E˜fppf (resp. E˜ fppf), if there is no risk of confusion. We put E˜
′
fppf = E˜ (X
′/S )fppf .
7.15. Let F be a sheaf of E˜fppf (resp. E˜ fppf) and (U,T) an object of E (resp. E ). Since F is also a sheaf
for the Zariski topology, the presheaf F(U,T) (7.8) is a sheaf of Uzar.
Let {f : (U,Z)→ (U,T)} be an element of Covfppf(U,T) and put (U,Z×T Z) = (U,Z)×(U,T) (U,Z). Since
F is a sheaf for the fppf topology, we deduce an exact sequence of Uzar (7.7.3)
(7.15.1) F(U,T)
γf
−→ F(U,Z) ⇒ F(U,Z×TZ).
7.16. Let C and D be two categories, Ĉ (resp. D̂) the category of presheaves of sets on C (resp. D) and
u : C → D a functor. We have a functor
(7.16.1) û∗ : D̂ → Ĉ G 7→ û∗(G ) = G ◦ u.
It admits a right adjoint ([3] I 5.1)
(7.16.2) û∗ : Ĉ → D̂ .
Let C and D be two sites 2. If u : C → D is a cocontinuous (resp. continuous) functor and F (resp. G )
is a sheaf on C (resp. D), then û∗(F ) (resp. û∗(G )) is a sheaf on D (resp. C ) ([3] III 1.2, 2.2).
Let C˜ (resp. D˜) be the topos of the sheaves of sets on C (resp. D) and u : C → D a cocontinuous
functor. Then u induces a morphism of topoi g : C˜ → D˜ defined by g∗ = û∗ and g∗ = a ◦ û∗, where a is the
sheafification functor (cf. [3] III 2.3).
7.17. Note that the fppf topology on E (resp. E ) is finer than the Zariski topology. Equipped with the fppf
topology on the source and the Zariski topology on the target, the identical functors E → E and E → E are
cocontinuous. By 7.16, they induce morphisms of topoi
σ : E˜fppf → E˜ , σ : E˜ fppf → E˜ .(7.17.1)
2We suppose that the site C is small.
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If F is a sheaf of E˜fppf (resp. E˜ fppf), σ∗(F ) is equal to F . If G is a sheaf of E˜ (resp. E˜ ), then σ
∗(G ) is the
sheafification of G with respect to the fppf topology.
Lemma 7.18. Let Y , Z be two k-schemes and g1, g2 : Y → Z two k-morphisms. We put hi = g′i ◦ fY/k :
Y → Y ′ → Z ′ (7.4.1) for i = 1, 2. If h1 = h2, then g1 = g2.
Proof. Let U be an affine open subscheme of Z. Since fY/k is a homeomorphism and h1 = h2, we have
g−11 (U) = g
−1
2 (U). Hence we can reduce to case where Z is affine.
Since the morphism fY/k is schematically dominant (2.3), we deduce that g′1 = g
′
2 by ([24] 5.4.1). The
functor X 7→ X ′ from the category of k-schemes to itself is clearly faithful. Then the lemma follows.
Lemma 7.19. Let (U,T, u) be an object of E and g : (V ′,Z, w)→ ρ(U,T, u) a morphism of E ′. Then there
exist an object (V,Z, v) of E and a morphism f : (V,Z, v)→ (U,T, u) of E such that g = ρ(f).
Proof. Put V = F−1U/k(V
′). Since the composition Z → T
u′◦fT/k
−−−−−→ U ′ factors through V ′ ⊂ U ′, the
composition Z → T u−→ U factors through V . We obtain a k-morphism v : Z → V such that w = v′ ◦ fZ/k.
Since fZ/k is separated, v′ is affine ([25] 1.6.2(v)) and so is v. Hence, we get an object (V,Z, v) of E and a
morphism f : (V,Z, v)→ (U,T, u) of E such that g = ρ(f).
Lemma 7.20 (cf. [33] 1.4.1). (i) The functor ρ (7.4.2) is fully faithful.
(ii) Equipped with the Zariski topology (7.10) (resp. fppf topology (7.14)) on both sides, the functor ρ is
continuous and cocontinuous ([3] III 1.1, 2.1).
Proof. (i) The functor ρ is clearly faithful. We prove its fullness. Let (U1,T1, u1), (U2,T2, u2) be two
objects of E and g : ρ(U1,T1, u1) → ρ(U2,T2, u2) a morphism of E ′. Since U ′1 ⊂ U
′
2 ⊂ U
′, we have
U1 ⊂ U2 ⊂ U . It suffices to show that the diagram
T 1
g
s //
u1

T 2
u2

U1 // U2
is commutative. It follows from 7.18 applied to the compositions T1
u1−→ U1 → U2 and T1 → T2
u2−→ U2.
(ii) A family of morphisms {(Ui,Ti)→ (U,T)}i∈I of E belongs to Cov(U,T) (resp. Covfppf(U,T)) if and
only if, its image by ρ belongs to Cov(ρ(U,T)) (resp. Covfppf(ρ(U,T))). Since ρ commutes with the fibered
product of a flat morphism and a morphism (7.3), the continuity of ρ follows from ([3] III 1.6).
Let {(U ′i ,Ti)→ ρ(U,T)}i∈I be an element of Cov(ρ(U,T)) (resp. Covfppf(ρ(U,T))). By 7.19, there exists
an element {(Ui,Ti) → (U,T)}i∈I of Cov(U,T) (resp. Covfppf(U,T)) mapping by ρ to the given element.
Then, ρ is cocontinous by ([3] III 2.1).
7.21. By 7.20(ii) and 7.16, the functor ρ (7.4.2) induces morphisms of topoi
CX/S : E˜ → E˜
′,(7.21.1)
CX/S ,fppf : E˜ fppf → E˜
′
fppf .(7.21.2)
such that the pullback functor is induced by the composition with ρ. We have a commutative diagram
(7.21.3) E˜ fppf
CX/S ,fppf //
σ

E˜ ′fppf
σ′

E˜
CX/S // E˜ ′
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Let F be a sheaf of E˜ ′ (resp. E˜ ′fppf), {F(U,T), γf,F} the descent data associated to F (7.8) and
{C∗(F )(U,T), γf,C∗(F)} the descent data associated to C
∗
X/S (F ) (resp. C
∗
X/S ,fppf(F )). Since ρ takes
Cartesian morphisms to Cartesian morphisms (7.5), for any object (U,T) of E , we have
(7.21.4) C∗(F )(U,T) = πU∗(Fρ(U,T))
where πU denotes the equivalence of topoi U ′zar
∼
−→ Uzar. For any morphism f : (U1,T1)→ (U2,T2) of E , we
verify that
(7.21.5) γf,C∗(F) = πU1∗(γρ(f),F ).
7.22. Let X be an affine scheme and h : X → Y = Spec(k[T1, · · · , Td]) an étale morphism. By ([20] 3.2),
the following diagram is Cartesian (2.2)
(7.22.1) X
FX //
h


X
h

Y
FY // Y.
We put Y = Spf(W{T1, · · · , Td}) and we denote by FY : Y → Y the affine morphism defined by
σ : W → W and Ti 7→ T
p
i . Since X is étale over Y , there exists a unique deformation X of X over Y up
to a unique isomorphism by deformation theory. The formal scheme X ×Y,FY Y is also a deformation of
X = X ×Y,FY Y over Y. Then we deduce a Cartesian diagram
(7.22.2) X //


X

Y
FY // Y
In particular, we obtain a morphism of finite type FX : X → X above σ, which lifts the absolute Frobenius
morphism FX of X . We put X′ = X×S ,σ S . Then we obtain an S -morphism of finite type FX/S : X→ X′
which lifts the relative Frobenius morphism FX/k. Since X is smooth, the morphism FX/k : X → X ′ is
faithfully flat (cf. [20] 3.2). Hence {FX/S : X→ X′} is an fppf covering in the sense of 7.12.
Lemma 7.23. Let (U ′,T, u) be an object of E ′, U = F−1X/k(U
′). Suppose that U is affine and that there
exists an étale k-morphism U → Spec(k[T1, · · · , Td]).
(i) There exists an object (U,Z) of E and an element {f : ρ(U,Z)→ (U ′,T)} of Covfppf(U ′,T).
(ii) Let g : (U ′1,T1)→ (U
′,T) be a morphism of E ′. Then there exists a morphism h : (U1,Z1)→ (U,Z) of
E and an element {ϕ : ρ(U1,Z1)→ (U ′1,T1)} of Covfppf(U
′
1,T1) such that the following diagram is Cartesian:
(7.23.1) ρ(U1,Z1)
ϕ //
ρ(h)


(U ′1,T1)
g

ρ(U,Z)
f // (U ′,T)
Proof. (i) We follow the proof of ([33] 1.4.5). Let U be a smooth lifting of U over S and F : U → U′ a
lifting of FU/k as in 7.22. Note that U ′ is affine. Since the morphism u is affine, T and T are affine. Since
U′ is smooth over S , there exists an S -morphism τ : T → U′ which lifts u. We consider the following
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commutative diagram:
(7.23.2) T ×U ′ U //

zz✉✉✉
✉✉
✉✉
✉✉
✉
T×U′ U

{{✈✈
✈✈
✈✈
✈✈
✈
T //
u

T

U
FU/kzz✉✉
✉✉
✉✉
✉✉
✉✉
// U
F
{{✈✈
✈✈
✈✈
✈✈
✈✈
U ′ // U′
We set Z = T ×U′ U, Z = T ×U ′ U and we denote the composition Z → Z → U by v. Then we obtain an
object (U,Z, v) of E . By (7.23.2), one verifies that the diagram
(7.23.3) Z //
fZ/k

T
u

Z ′
v′ // U ′
is commutative. Then, we obtain a morphism ρ(U,Z, v) → (U ′,T, u) of E ′. Since {F : U → U′} is an fppf
covering, {ρ(U,Z, v)→ (U ′,T, u)} is an element of Covfppf(U ′,T).
(ii) The morphism f is flat. We denote by (U ′1,Z1) the fibered product ρ(U,Z)×(U ′,T) (U
′
1,T1) in E . By
applying 7.19 to the projection (U ′1,Z1)→ ρ(U,Z), we obtain the Cartesian diagram (7.23.1). Since ϕ is the
base change of f , ϕ is an element of Covfppf(U ′1,T1).
Lemma 7.24. Let X be a k-scheme and (U ′,T) an object of E ′, (U,Z) an object of E and {ρ(U,Z) →
(U ′,T)} an element of Covfppf(U ′,T). Then there exists an object (U,Z ×T Z) of E and two morphisms
p1, p2 : (U,Z×T Z)→ (U,Z) such that ρ(U,Z×T Z) = ρ(U,Z)×(U ′,T) ρ(U,Z) and that ρ(p1) (resp. ρ(p2)) is
the projection ρ(U,Z)×(U ′,T) ρ(U,Z)→ ρ(U,Z) on the first (resp. second) component.
Proof. By applying 7.19 to the projection ρ(U,Z) ×(U ′,T) ρ(U,Z) → ρ(U,Z) on the first component, we
obtain an object (U,Z ×T Z) of E and a morphism p1 : (U,Z ×T Z) → (U,Z) as in the proposition. The
existence of p2 follows from the fullness of ρ (7.20(i)).
Proposition 7.25 ([33] 4.2.1). Let C be a site, D a site whose topology is defined by a pretopology and
u : C → D a functor. Assume that:
(i) u is fully faithful,
(ii) u is continuous and cocontinuous,
(iii) For every object V of D , there exists a covering of V in D of the form {u(Ui)→ V }i∈I where Ui is
an object of C .
Then the morphism of topoi g : C˜ → D˜ defined by g∗ = û∗ and g∗ = û∗ (7.16) is an equivalence of topoi.
Theorem 7.26 (cf. [33] 1.4.6). For any smooth k-scheme X, the morphism (7.21.2)
CX/S ,fppf : E˜ fppf → E˜
′
fppf
is an equivalence of topoi.
The theorem follows from 7.20, 7.23 and 7.25.
7.27. If we equip E (resp. E ) with the Zariski topology, the functor (7.6.1)
(7.27.1) π : E → Zar/X (resp. π : E → Zar/X) (U,T)→ U
38 DAXIN XU
is cocontinuous. Since π commutes with the fibered product of a flat morphism and a morphism (7.3), one
verifies that π is also continous ([3] III 1.6). By 7.16, it induces a morphism of topoi that we denote by
(7.27.2) v : E˜ → Xzar (resp. v : E˜ → Xzar)
such that the inverse image functor is induced by the composition with π. Moreover, one verifies that the
above morphisms fit into a commutative diagram
(7.27.3) E˜
CX/S //
v

E˜ ′
v′

Xzar
FX/k // X ′zar
Let F be a sheaf of Xzar. For any object (U,T) of E (resp. E ), we have (v∗(F ))(U,T) = F |U . For
any morphism f : (U1,T1) → (U2,T2) of E (resp. E ), the transition morphism γf of v∗(F ) (7.7.3) is the
canonical isomorphism
(7.27.4) γf : (F |U2 )|U1
∼
−→ F |U1 .
7.28. Let U be an open subscheme of X . The category E (U/S ) (resp. E (U/S )) forms naturally a full
subcategory of E (X/S ) (resp. E (X/S )). Equipped with the Zariski topologies on both sides, the canonical
functor E (U/S ) → E (X/S ) (resp. E (U/S ) → E (X/S )) is continuous and cocontinuous. It induces a
morphism of topoi
(7.28.1) jU : E˜ (U/S )→ E˜ (X/S ) (resp. jU : E˜ (U/S )→ E˜ (X/S ))
such that the inverse image functor is given by resctricting a sheaf of E˜ (X/S ) to E (U/S ) (resp. E˜ (X/S )
to E (U/S )). The above morphisms fit into a commutative diagram
(7.28.2) E˜ (U/S )
CU/S //
j
U

E˜ (U ′/S )
jU′

E˜ (X/S )
CX/S // E˜ (X ′/S )
7.29. Let e be the final object of E˜ (X/S ) (resp. E˜ (X/S )) and U an open subscheme of X . We define a
presheaf U˜ on E (X/S ) (resp. E (X/S )) by
(7.29.1) U˜(V,T) =
{
e(V,T) if V ⊂ U
∅ otherwise
One verifies that U˜ is a sheaf for the Zariski topology (7.10) and that it is a subobject of e. By (7.21.4), we
have C∗X/S (U˜
′) = U˜ . Then CX/S induces by localisation un morphism of topoi
(CX/S )/U˜ ′ : E˜ (X/S )/U˜ → E˜ (X
′/S )
/U˜ ′
which fits into a commutative diagram ([3] IV 5.10)
(7.29.2) E˜ (X/S )
/U˜
(CX/S )
/U˜′ //

E˜ (X ′/S )
/U˜ ′

E˜ (X/S )
CX/S // E˜ (X ′/S )
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Proposition 7.30 ([4] III 3.1.2). There exists a canonical equivalence of topoi
(7.30.1) E˜ (U/S ) ∼−→ E˜ (X/S )
/U˜
(resp. E˜ (U/S ) ∼−→ E˜ (X/S )
/U˜
).
which is compatible with jU (resp. jU) and the localisation morphism with respect to U˜ . Moreover, the
morphism (CX/S )/U˜ ′ coincides with CU/S via the above equivalences.
Proof. A sheaf of E˜ (X/S )
/U˜
is a pair consisting of a sheaf F of E˜ (X/S ) and a morphism q : F → U˜ .
By (7.29.1), for any object (V,T) of E (X/S ) such that V * U , we have F (V,T) = ∅. We associate to
(F , q) a sheaf G of E˜ (U/S ) by restricting F to E (U/S ). Conversely, given a sheaf G of E˜ (U/S ), we can
associate a sheaf F of E˜ (X/S ) by letting
(7.30.2) F (V,T) =
{
G (V,T) if V ⊂ U
∅ otherwise
Then there exists a unique morphism q : F → U˜ and we obtain a sheaf of E˜ (X/S )
/U˜
. These functors are
quasi-inverse to each other and give the equivalence (7.30.1).
Note that the inverse image functor of jU (resp. jU ) is given by resctricting a sheaf of E˜ (X/S ) to E (U/S )
(resp. E˜ (X/S ) to E (U/S )). If F is a sheaf of E˜ (X/S ) (resp. E˜ (X/S )), then the canonical morphism
F × U˜ → F induces an isomorphism when it restrict to E (U/S ) (resp. E (U/S )). Then the compatibility
between jU (resp. jU ) and the localisation morphism with respect to U˜ follows.
The direct image functor of the localisation morphism is fully faithful ([3] IV 9.2). Then the second
assertion follows from the first assertion and the commutativity of the diagrams (7.29.2) and (7.28.2).
8. Crystals in Oyama topoi
In this section, X denotes a k-scheme and n an integer ≥ 1.
8.1. We define a presheaf of rings OE (X/S ),n on E (X/S ) (resp. OE (X/S ),n on E (X/S )) (7.1) by
(8.1.1) (U,T) 7→ Γ(T,OTn).
For any object (U,T) of E (X/S ) (resp. E (X/S )) and any element {(Ui,Ti)→ (U,T)}i∈I of Covfppf(U,T)
(7.13), {Ti,n → Tn}i∈I is an fppf covering of schemes (7.12). By fppf descent for quasi-coherent modules
([22] VIII 1.2), OE (X/S ),n (resp. OE (X/S ),n) is a sheaf for the fppf topology (7.14). Since the fppf topology
is finer than the Zariski topology, it is also a sheaf for the Zariski topology (7.10).
To simplify the notation, we drop (X/S ) from the notation OE (X/S ),n (resp. OE (X/S ),n) and we write
OE ,n (resp. OE ,n). We put OE ′,n = OE (X′/S ),n.
8.2. We take again the notation of 7.21. We verify that, by definition
(8.2.1) C∗X/S (OE ′,n) = OE ,n (resp. C
∗
X/S ,fppf(OE ′,n) = OE ,n).
The morphism CX/S (resp. CX/S ,fppf) is therefore underlying a morphism of ringed topoi, which we
denote also by
CX/S : (E˜ ,OE ,n)→ (E˜
′,OE ′,n),(8.2.2)
(resp. CX/S ,fppf : (E˜ fppf ,OE ,n)→ (E˜
′
fppf ,OE ′,n)).(8.2.3)
8.3. For any object (U,T, u) of E (resp. E ), we consider OTn as a sheaf of Tzar (resp. T zar). We have (7.11)
(OE ,n)(U,T,u) = u∗(OTn) (resp. (OE ,n)(U,T,u) = u∗(OTn)).
A morphism f : (U1,T1, u1)→ (U2,T2, u2) of E (resp. E ) induces a morphism of the ringed topoi
(8.3.1) f˜n : (U1,zar, u1∗(OT1,n))→ (U2,zar, u2∗(OT2,n)).
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For u2∗(OT2,n )-modules of U2,zar, we use the notation f˜
−1
n to denote the inverse image in the sense of abelian
sheaves, and we keep the notation f˜∗n for the inverse image in the sense of modules. Note that if f is a
Cartesian morphism (7.5), the morphism f˜n is a localisation morphism of ringed topoi.
Let F be an OE ,n-module of E˜ (resp. OE ,n-module of E˜ ). The sheaf F(U,T,u) of Uzar (7.11) is naturally
an u∗(OTn)-module. Then the morphism γf : F(U2,T2)|U1 → F(U1,T1) (7.7.3) extends to an u1∗(OT1,n )-linear
morphism
cf : f˜∗n(F(U2,T2))→ F(U1,T1)(8.3.2)
If g : (U2,T2)→ (U3,T3) is another morphism of E (resp. E ), in view of (7.7.4), we verify that
(8.3.3) cg◦f = cf ◦ f˜∗n(cg).
Proposition 8.4. An OE ,n-module of E˜ (resp. OE ,n-module of E˜ ) is equivalent to the following data:
(i) For every object (U,T, u) of E (resp. E ), an u∗(OTn)-module F(U,T) of Uzar,
(ii) For every morphism f : (U1,T1, u1) → (U2,T2, u2) of E (resp. E ), an u1∗(OT1,n)-linear morphism
cf (8.3.2),
which is subject to the following conditions
(a) If f is the identity morphism, then cf is the identity.
(b) If f is a Cartesian morphism, then cf is an isomorphism.
(c) If f and g are two composable morphisms of E (resp. E ), then we have cg◦f = cf ◦ f˜∗n(cg) (8.3.3).
Proof. By 7.8 and 7.11, a data {F(U,T), cf} gives a sheaf F of E˜ (resp. E˜ ). The OTn -module structure
on F(U,T) induces an OE ,n-module (resp. OE ,n-module) structure on F .
We call the data {F(U,T), cf} defined in 8.4 the linearized descent data associated to the OE ,n-module
(resp. OE ,n-module) F of E˜ (resp. of E˜ ).
An OE ,n-module (resp. OE ,n-module) F of E˜fppf (resp. E˜ fppf) induces an OE ,n-module (resp. OE ,n-
module) σ∗(F ) of E˜ (resp. E˜ ) (7.17.1). We can associate to F a linearized descent data {F(U,T), cf} by
that of σ∗(F ) (8.4).
Definition 8.5 ([33] 1.3.3). Let F be an OE ,n-module of E˜ (resp. an OE ,n-module of E˜fppf , resp. an
OE ,n-module of E˜ , resp. an OE ,n-module of E˜ fppf).
(i) We say that F is quasi-coherent if for every object (U,T, u) of E (resp. E ), the u∗(OTn)-module
F(U,T) of Uzar (8.3) is quasi-coherent ([24] 0.5.1.3).
(ii) We say that F is a crystal or a crystal of OE ,n-modules of E˜ (resp. OE ,n-modules of E˜fppf , resp.
OE ,n-modules of E˜ , resp. OE ,n-modules of E˜ fppf) if for every morphism f : (U1,T1) → (U2,T2) of E (resp.
E ), the canonical morphism cf (8.3.2) is an isomorphism.
We denote by C (OE ,n) (resp. Cfppf(OE ,n), resp. C (OE ,n), resp. Cfppf(OE ,n)) the category of crystals of
OE ,n-modules of E˜ (resp. OE ,n-modules of E˜fppf , resp. OE ,n-modules of E˜ , resp. OE ,n-modules of E˜ fppf)
and we use the notation C qcoh(−) or C qcohfppf (−) to denote the full subcategory consisting of quasi-coherent
crystals.
8.6. Let A be an OE ,n-algebra of E˜ (resp. OE ,n-algebra of E˜ ) and {A(U,T), cf} the associated linearized
descent data. Then A(U,T) is an OTn -algebra of Uzar. For any morphism f : (U1,T1)→ (U2,T2) of E (resp.
E ), the morphism cf (8.3.2) is a homomorphism of OT1,n -algebras. We say that A is quasi-coherent (resp.
is a crystal) if it is quasi-coherent (resp. is a crystal) as a module (8.5).
Proposition 8.7. Let u : T → U be an affine morphism of schemes, i : T → T a nilpotent closed immersion.
We denote by v : (T ,OT ) → (U, u∗(OT )) the morphism of ringed topoi induced by u. Then, the inverse
LIFTING THE CARTIER TRANSFORM OF OGUS-VOLOGODSKY MODULO pn 41
image and direct image functors of v induce equivalences of categories quasi-inverse to each other between
the category of quasi-coherent OT -modules of Tzar and the category of quasi-coherent u∗(OT )-modules of
Uzar.
The assertion follows from 8.9 and 8.10.
Lemma 8.8. We keep the assumption of 8.7. The restriction of the functor v∗ to the category of quasi-
coherent OT -modules is exact.
Proof. The functor v∗ is left exact. Let M → N be a surjection of quasi-coherent OT -modules. To
show that v∗(M )→ v∗(N ) is surjective, it suffices to show that for any affine open subscheme V of U , the
morphism v∗(M )(V ) → v∗(N )(V ) is surjective. Since u is affine, the open subscheme TV of T associated
to the open subset u−1(V ) of T is affine. Since M , N are quasi-coherent and TV is affine, the morphism
M (TV )→ N (TV ) is surjective. Then the assertion follows.
Lemma 8.9. We keep the assumption of 8.7. For any quasi-coherent OT -module M , v∗(M ) is quasi-
coherent and the adjunction morphism v∗(v∗(M ))→ M is an isomorphism.
Proof. The question being local, we may assume that U is affine and so is T . Then the quasi-coherent
OT module M admits a presentation
(8.9.1) O⊕JT → O
⊕I
T → M → 0.
The canonical morphism (v∗(OT ))⊕I → v∗(O⊕IT ) is clearly an isomorphism. Since v∗ is exact (8.8), we obtain
a presentation of v∗(M )
(v∗(OT ))⊕J → (v∗(OT ))⊕I → v∗(M )→ 0.
The first assertion follows.
The exact sequence (8.9.1) induces a commutative diagram
(v∗(v∗(OT )))⊕J //

(v∗(v∗(OT )))⊕I //

v∗(v∗(M )) //

0
O⊕JT
// O⊕IT
//M // 0.
Since v∗ is exact and v∗ is right exact, horizontal arrows are exact. The first two vertical arrows are
isomorphisms. Then the second assertion follows.
Lemma 8.10. We keep the assumption of 8.7. For any quasi-coherent u∗(OT )-module N , v∗(N ) is quasi-
coherent and the adjunction morphism N → v∗(v∗(N )) is an isomorphism.
Proof. The pull-back functor sends quasi-coherent objects to quasi-coherent objects ([24] 5.1.4).
The second assertion being local, we may assume that U is affine and that N admits a presentation:
(u∗(OT ))⊕J → (u∗(OT ))⊕I → N → 0
Then we deduce a commutative diagram
(u∗(OT ))⊕J //

(u∗(OT ))⊕I //

N //

0
(v∗(v∗(u∗(OT ))))⊕J // (v∗(v∗(u∗(OT ))))⊕I // v∗(v∗(N )) // 0
Since v∗ is exact (8.8) and v∗ is right exact, the horizontal arrows are exact. The first two vertical arrows
are isomorphisms. Then the second assertion follows.
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Remark 8.11. (i) Let F be a quasi-coherent OE ,n-module of E˜ (resp. OE ,n-module of E˜ ). By 8.7, for any
object (U,T) of E (resp. E ), we can equivalently consider F(U,T) (8.4) as a quasi-coherent OTn -module of
Tn,zar; for any morphism f : (U1,T1)→ (U2,T2) of E (resp. E ), we can equivalently consider cf (8.4) as an
OT1,n -linear morphism of T1,zar:
(8.11.1) cf : f∗n(F(U2,T2))→ F(U1,T1),
where fn denotes the morphism T1,n → T2,n.
(ii) Let F ′ be a quasi-coherent OE ′,n-module of E˜ ′. By (7.21.4), C
∗
X/S (F
′) is also quasi-coherent. For
any object (U,T) of E , we have an equality of OTn -modules of Tn,zar (7.21.4)
(8.11.2) (C∗X/S (F
′))(U,T) = F
′
ρ(U,T).
Lemma 8.12. The inverse image functor C∗X/S of CX/S (8.2.2) sends quasi-coherent OE ′,n-modules (resp.
crystals of OE ′,n-modules) of E˜ ′ to quasi-coherent OE ,n-modules (resp. crystals of OE ,n-modules) of E˜ .
Proof. The assertion follows from (7.21.4) and (7.21.5).
Theorem 8.13 (cf. [33] 1.4.3 for n = 1). Let X be a smooth scheme over k. The inverse image and the
direct image functors of CX/S induce equivalences of categories quasi-inverse to each other (8.5)
(8.13.1) C qcoh(OE ′,n)⇄ C qcoh(OE ,n).
The theorem follows from 8.14 and 8.15 below.
Proposition 8.14. Let X be a k-scheme. The direct image functors σ∗ : E˜fppf → E˜ and σ∗ : E˜ fppf → E˜
(7.17.1) induce equivalences of categories
(8.14.1) C qcohfppf (OE ,n)
∼
−→ C qcoh(OE ,n), C
qcoh
fppf (OE ,n)
∼
−→ C qcoh(OE ,n).
Proof. The functor σ∗ sends quasi-coherent crystals of OE ,n-modules of E˜fppf (resp. OE ,n-modules of
E˜ fppf) to quasi-coherent crystals of OE ,n-modules of E˜ (resp. OE ,n-modules of E˜ ). The functors (8.14.1) are
clearly fully faithful. It suffices to show the essential surjectivity.
Let F be a quasi-coherent crystal of OE ,n-modules of E˜ and {F(U,T), cf} the associated linearized descent
data. We consider F(U,T) as an OTn -module of Tzar (8.11). To see that F is a sheaf for the fppf topology,
we prove that, for any element {(Ui,Ti)→ (U,T)}i∈I of Covfppf(U,T) (7.13), the sequence
(8.14.2) 0→ Γ(T,F(U,T))→
∏
i∈I
Γ(Ti,F(Ui,Ti))→
∏
i,j∈I
Γ(Tij ,F(Uij ,Tij))
is exact, where (Uij ,Tij) = (Ui,Ti)×(U,T) (Uj ,Tj) (7.3). Then, we have
(8.14.3) F(Ui,Ti) ≃ f
∗
i (F(U,T)), F(Uij ,Tij) ≃ f
∗
ij(F(U,T)),
where fi (resp. fij) denotes the morphism Ti → T (resp. Tij → T). It suffices to show that the sequence
(8.14.4) 0→ F(U,T) →
∏
i∈I
fi∗(F(Ui,Ti))→
∏
i,j∈I
fij∗(F(Uij ,Tij))
is exact. The question being local, we can suppose that U is quasi-compact and quasi-separated and so is
T. Hence we can reduce to the case where the set I is finite. Note that the schemes Ti,n and Tn are quasi-
compact and quasi-separated and that the morphisms fi and fij are quasi-compact. Then the exactness of
(8.14.4) follows from the fppf descent for quasi-coherent modules ([22] VIII 1.2).
The assertion for quasi-coherent crystals of OE ,n-modules can be verified in exactly the same way.
Proposition 8.15. Let X be a smooth k-scheme. The inverse image and the direct image functors of the
morphism CX/S ,fppf (8.2.3) induce equivalences of categories quasi-inverse to each other:
(8.15.1) C qcohfppf (OE ′,n)⇄ C
qcoh
fppf (OE ,n).
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Proof. We write simply C for CX/Sn,fppf . By 7.26, to prove the proposition, it suffices to show that the
functors C∗ and C∗ preserve quasi-coherent crystals. The assertion for C∗ follows from (7.21.4) and (7.21.5).
Let F be a quasi-coherent crystal of OE ,n-modules of E˜ fppf and (U
′,T, u) an object of E ′. We first show
that (C∗(F ))(U ′,T) is quasi-coherent. We may therefore assume that U = F
−1
X/k(U
′) satisifies the condition
of 7.23, i.e. U is affine and there exists an étale k-morphism U → Adk. Then, by 7.23(i) and 7.24, there exist
objects (U,Z) and (U,Z×T Z) of E , an element {f : ρ(U,Z)→ (U ′,T)} of Covfppf(U ′,T) and two morphisms
p1, p2 : (U,Z ×T Z) → (U,Z) such that ρ(U,Z×T Z) = ρ(U,Z) ×(U ′,T) ρ(U,Z) and that ρ(p1) and ρ(p2) are
the canonical projections of ρ(U,Z)×(U ′,T) ρ(U,Z) (7.24). In particular, the morphism Z×T Z→ Z attached
to p1 (resp. p2) is the projection on the first (resp. second) component.
Since the adjunction morphism C∗ C∗ → id is an isomorphism (7.26), we have (7.21.4)
(8.15.2) πU∗((C∗(F ))ρ(U,Z)) = F(U,Z), πU∗((C∗(F ))ρ(U,Z×TZ)) = F(U,Z×TZ).
By 8.11, we consider F(U,Z) (resp. F(U,Z×TZ)) as a quasi-coherent OZn -module of Zzar (resp. (O(Z×TZ)n)-
module of (Z ×T Z)zar). Since F is a crystal, we have (O(Z×TZ)n)-linear isomorphisms
(8.15.3) p∗2,n(F(U,Z))
cp2−−→
∼
F(U,Z×TZ)
cp1←−−
∼
p∗1,n(F(U,Z)).
We define ϕ : p∗2(F(U,Z))→ p
∗
1(F(U,Z)) to be the composition of cp2 and the inverse of cp1 . Thus, we obtain a
descent datum (F(U,Z), ϕ) for the fppf covering {fn : Zn → Tn}. By ([22] VIII 1.2), it is effective. Therefore
there exists a quasi-coherent OTn -module M of Tzar, a canonical (OZn)-linear isomorphism
(8.15.4) f∗n(M )
∼
−→ F(U,Z)
and an exact sequence of Uzar
(8.15.5) 0→ πU∗(u∗(M ))→ F(U,Z) → F(U,Z×TZ)
where F(U,Z) and F(U,Z×TZ) are now considered as sheaves of Uzar.
On the other hand, since C∗(F ) is a sheaf, there exists an exact sequence of U ′zar (7.15.1)
(8.15.6) 0→ (C∗(F ))(U ′,T) → (C∗(F ))ρ(U,Z) → (C∗(F ))ρ(U,Z×TZ).
By (8.15.2), we obtain an u∗(OTn)-linear isomorphism u∗(M )
∼
−→ (C∗(F ))(U ′,T) of U ′zar. In particular,
(C∗(F ))(U ′ ,T) is quasi-coherent. Hence C∗(F ) is quasi-coherent.
Let g : (U ′1,T1)→ (U
′
2,T2) be a morphism of E
′. We prove that the morphism (8.11.1)
(8.15.7) cg : g∗n(C∗(F )(U ′2,T2))→ C∗(F )(U ′1,T1)
associated to C∗(F ) is an isomorphism. Since the problem is Zariski local, we may assume that that U ′2
satisfies the condition of 7.23. By 7.23(ii), there exists a morphism h : (U1,Z1)→ (U2,Z2) of E , an element
{f1 : ρ(U1,Z1)→ (U ′1,T1)} of Covfppf(U
′
1,T1) and an element {f2 : ρ(U2,Z2)→ (U
′
2,T2)} of Covfppf(U
′
2,T2)
such that the following diagram is Cartesian
(8.15.8) ρ(U1,Z1)
f1 //
ρ(h)

(U ′1,T1)
g

ρ(U2,Z2)
f2 // (U ′2,T2)
By 7.24 and repeating the previous fppf descent argument, we have a canonical isomorphism (8.15.4)
(8.15.9) f∗i,n(C∗(F )(U ′i ,Ti))
∼
−→ F(Ui,Zi)
for i = 1, 2. Furthermore, since F is a crystal, we have an isomorphism
(8.15.10) ch : h∗n(F(U2,Z2))
∼
−→ F(U1,Z1).
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In view of (7.21.5), (8.15.2), (8.15.8) and (8.15.9), the morphism
(8.15.11) f∗1,n(cg) : f
∗
1,n(g
∗
n(C∗(F )(U ′2,T2)))→ f
∗
1,n(C∗(F )(U ′1,T1))
is identical to ch (8.15.10) and hence is an isomorphism. Since f1,n : Z1,n → T1,n is faithfully flat, we deduce
that cg is an isomorphism. The proposition follows.
Definition 8.16. Let X be a smooth k-scheme. We call Cartier transform (modulo pn) the equivalence of
categories (8.13.1)
(8.16.1) C∗X/S : C
qcoh(OE ′,n)
∼
−→ C qcoh(OE ,n).
The above equivalence depends on X and is different to the Cartier transform of Ogus-Vologodsky [32]
which depends on a lifting of X ′ to W2. We will explain the compatibility between two constructions under
the assumption that there exists a smooth lifting of X to W (11.30).
Let U be an open subscheme of X . By (7.28.2), we have a commutative diagram
(8.16.2) C (OE ′(X/S ),n)
C∗X/S //
j∗U

C (OE (X/S ),n)
j∗
U

C (OE ′(U/S ),n)
C∗U/S // C (OE (U/S ),n)
To simplify the notation, we write C∗ for C∗X/S if there is no confusion.
8.17. In the following of this section, X denotes a smooth formal S -scheme with special fiber X . The triple
(X,X, id) (resp. (X,X, X → X)) is an object of E (resp. E ). By 4.10, (X,RX(r)) (resp. (X,QX(r))) is an
object of E (resp. E ) for all integer r ≥ 1.
Proposition 8.18. There exists a canonical equivalence of tensor categories between the category C (OE ,n)
(resp. C (OE ,n)) and the category of OXn-modules with RX-stratification (resp. QX-stratification) (4.12, 5.5).
Proof. We follow the proof of ([33] 1.3.4) where the author deals with the case n = 1.
We take again the notation of the proof of 4.12. We denote by q1, q2 : (X,RX) → (X,X) the canonical
morphisms, by qij : (X,RX(2))→ (X,RX) the morphism induced by RX(2)→ X3
pij
−−→ X2 and the universal
property of RX (cf. (4.12.1)) for all 1 ≤ i < j ≤ 3, and we put ri = q1 ◦ qij = q2 ◦ qji : (X,RX(2))→ (X,X)
for all i 6= j.
Let F be a crystal of OE ,n-modules of E˜ . We set F to be the OXn -module F(X,X). Then we deduce
isomorphisms of RX-modules of Xzar (8.3.2)
(8.18.1) cq1 : q˜
∗
1,n(F)
∼
−→ F(X,RX) cq2 : q˜
∗
2,n(F)
∼
−→ F(X,RX).
We denote by ε the composition of cq2 and the inverse of cq1 . The composition of the structural homomor-
phism of the left (resp. right) OX-algebra RX and πR (4.2)
OX →RX
πR−−→ OX
is the identity morphism. Hence we have π∗R(ε) = idF (5.5(i)). For (i, j) = (1, 2), (2, 3), (1, 3), the isomor-
phism q˜∗ij,n(ε) : r˜
∗
j,n(F)
∼
−→ r˜∗i,n(F) is equal to the composition of r˜
∗
j,n(F)
∼
−→ F(X,RX(2)) and the inverse of
r˜∗i,n(F)
∼
−→ F(X,RX(2)). Hence we obtain the cocycle condition q˜
∗
12,n(ε) ◦ q˜
∗
23,n(ε) = q˜
∗
13,n(ε). It is clear that
the correspondence F → (F , ε) is functorial and is compatible with tensor products (5.5).
Conversely, let F be an OXn -module with an RX-stratification ε : q˜
∗
2,n(F)
∼
−→ q˜∗1,n(F). Let (U,T, u) be
an object of E such that U is affine. Since X is smooth over S and T is affine, the k-morphism u : T → U
extends to a morphism ϕ : (U,T) → (X,X) of E . We define F(U,T) to be the OTn -module ϕ˜
∗
n(F) of Uzar.
We show that this definition of F(U,T) is independent of the choice of the deformation T→ X of u : T → U
up to a canonical isomorphism which comes from the stratification.
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Let ϕ1, ϕ2, ϕ3 be three morphisms (U,T, u)→ (X,X, id) of E , φij = (ϕi, ϕj) : T→ X2 for all 1 ≤ i < j ≤ 3
and φ = (ϕ1, ϕ2, ϕ3) : T→ X3. The diagram
(8.18.2) T //
u

T
φij

X // X2
is commutative. By the universal property of RX (3.12), φij induces a unique morphism ϕij : (U,T, u) →
(X,RX) of E . Then we deduce a canonical isomorphism
(8.18.3) ϕ˜∗j,n(F) = ϕ˜
∗
ij,n(q˜
∗
2,n(F))
ϕ˜∗ij,n(ε)
−−−−−→
∼
ϕ˜∗ij,n(q˜
∗
1,n(F)) = ϕ˜
∗
i,n(F).
Similarly, φ induces a unique morphism ψ : (U,T)→ (X,RX(2)) such that qij ◦ ψ = ϕij . Using the cocycle
condition q˜∗12,n(ε) ◦ q˜
∗
23,n(ε) = q˜
∗
13,n(ε) (5.5(ii)), we verify that
(8.18.4) ϕ˜∗12,n(ε) ◦ ϕ˜
∗
23,n(ε) = ϕ˜
∗
13,n(ε).
Hence, by gluing the construction for affine objects, we obtain an OTn -module F(U,T) of Uzar for a general
object (U,T, u) of E .
Let g : (U1,T1)→ (U2,T2) be a morphism of E such that U1 and U2 are affine. By the previous arguments,
there exists morphisms ϕ1 : (U1,T1)→ (X,X) and ϕ2 : (U2,T2)→ (X,X) of E . Then there exists a unique
morphism h : (U1,T1) → (X,RX) such that q1 ◦ h = ϕ1 and q2 ◦ h = ϕ2 ◦ g. We deduce a canonical
OT1,n -linear isomorphism of U1,zar
(8.18.5) cg : g˜∗n(F(U2,T2)) = h˜
∗
n(q˜
∗
2,n(F))
h˜∗n(ε)−−−→
∼
h˜∗n(q˜
∗
1,n(F)) = F(U1,T1).
By gluing the constructions for affine objects, we obtain an isomorphism cg for a general morphism g of E .
It is clear that cid = id. Furthermore, let g′ : (U2,T2) → (U3,T3) be another morphism. Using the cocycle
condition for stratifications, we verify that
(8.18.6) cg′◦g = cg ◦ g˜∗n(cg′ ).
Hence we obtain a linearized descent data {F(U,T,u), cf} such that each morphism cf is an isomorphism.
Then, we get a crystal of OE ,n-modules F of E˜ by 8.4. The correspondence (F , ε) 7→ F is clearly functorial
and quasi-inverse to the previous construction.
The assertion for crystals of OE ,n-modules can be verified in the same way.
Remark 8.19. (i) Let U be an open subscheme of X , U the associated open formal subscheme of X. By
3.14, we have a canonical isomorphism RU
∼
−→ RX×X2 U
2 (resp. QU
∼
−→ QX×X2 U
2). The restriction functors
j∗U and j
∗
U
(7.28.1) send crystals to crystals. Moreover, one verifies that the equivalence of categories in 8.18
is compatible with localisation with respect to U (7.30).
(ii) If A is a crystal of OE ,n-algebras of E˜ (resp. OE ,n-algebras of E˜ ), then the RX-stratification (resp.
QX-stratification) associated on A(X,X) is an isomorphism of RX-algebras (resp. QX-algebras).
8.20. We set X′ = X ×S ,σ S (2.1) and we suppose that there exists an S -morphism F : X → X′ which
lifts the relative Frobenius morphism FX/k : X → X ′ of X . We show that the Cartier transform C
∗ (8.16.1)
globalises Shiho’s local construction in § 6 defined by F .
The morphism F induces a morphism of E ′ that we denote also by
(8.20.1) F : ρ(X,X) = (X ′,X, FX/k)→ (X
′,X′, id)
Recall that (6.9) the morphism F induces a morphism of formal groupoids ψ : QX → RX′ above F . The
composition QX,1 → QX,1
′ → X ′ (7.4.1) identifies with the morphism g : QX,1 → X ′ induced by F 2 : X2 →
X′2 (6.9.2). It follows from the proof of 6.9 that ψ induces a morphism of E ′ that we denote also by
(8.20.2) ψ : ρ(X,QX)→ (X ′, RX′)
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which fits into the following commutative diagrams
(8.20.3) ρ(X,QX)
ψ //
ρ(q1)

(X ′, RX′)
q′1

ρ(X,X) F // (X ′,X′)
ρ(X,QX)
ψ //
ρ(q2)

(X ′, RX′)
q′2

ρ(X,X) F // (X ′,X′)
where q1, q2 (resp. q′1, q
′
2) are the canonical projections of (X,QX) to (X,X) (resp. (X
′, RX′) to (X ′,X′)).
Proposition 8.21. Keep the assumption of 8.20. The diagram (8.12):
(8.21.1) C (OE ′,n)
C∗ //
≀

C (OE ,n)
≀
{
OX′n -modules
with RX′ -stratification
}
ψ∗n //
{
OXn-modules
with QX-stratification
}
where the vertical arrows are the equivalences of categories defined in 8.18 and the bottom functor is induced
by the morphism ψ defined by F (5.10), is commutative up to a functorial isomorphism of OXn-modules
depending on F
(8.21.2) ηF : F ∗n(M(X′,X′))
∼
−→ C∗(M )(X,X)
compatible with the QX-stratifications, for every crystal M of OE ′,n-modules of E˜ ′.
Proof. Let M be a crystal of OE ′,n-modules of E˜ ′. By (7.21.4), we have
C∗(M )(X,X) = πX∗(Mρ(X,X))(8.21.3)
Since M is a crystal, F (8.20.1) induces a functorial isomorphism of OXn-modules
(8.21.4) ηF : F ∗n (M(X′,X′)) = πX∗(F˜
∗
n (M(X′,X′)))
∼
−→ C∗(M )(X,X).
Similarly, ψ (8.20.2) induces an isomorphism
(8.21.5) πX∗(ψ˜∗n(M(X′,RX′)))
∼
−→ C∗(M )(X,QX).
Recall that the left vertical functor of (8.21.1) is given by M 7→ (M(X′,X′), ε′) where ε′ is induced by
isomorphisms q˜′∗2,n(M(X′,X′))
∼
−→ M(X′,RX′)
∼
←− q˜′∗1,n(M(X′,X′)). By 5.10, we have
(8.21.6) ψ∗n(M(X′,X′), ε
′) = (F ∗n(M(X′,X′)), πX∗(ψ˜
∗
n(ε
′))).
On the other hand, theOXn -module associated to C
∗(M ) is C∗(M )(X,X) and the associatedQX-stratification
is induced by the isomorphisms q˜∗2,n(C
∗(M )(X,X))
∼
−→ C∗(M )(X,QX)
∼
←− q˜∗1,n(C
∗(M )(X,X)). The proposition
follows in view of (8.20.3), (8.21.2) and (8.21.5).
8.22. Keep the assumption of 8.20. Recall that the morphisms of formal X-groupoids ̟′ : TX′ → RX′
(5.18.1) and λ : PX → QX (5.17.1) induce functors
̟′∗n :
{
OX′n -modules
with RX′ -stratification
}
→
{
OX′n-modules
with TX′ -stratification
}
(8.22.1)
λ∗n :
{
OXn -modules
with QX-stratification
}
→
{
OXn-modules
with PX-stratification
}
(8.22.2)
By 5.16, 5.22 and 8.18, they further induce functors
µ : C (OE ′,n) → p-MIC
qn(X′n/Sn),(8.22.3)
ν : C (OE ,n) → MICqn(Xn/Sn).(8.22.4)
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By (6.12.2), 6.13 and 8.21, the diagrams
(8.22.5) C (OE ′,n)
C∗ //
≀

C (OE ,n)
≀
{
OX′n-modules
with RX′-stratification
}
ψ∗n //
̟′∗n

{
OXn -modules
with QX-stratification
}
λ∗n
{
OX′n-modules
with TX′ -stratification
}
ϕ∗n //
≀

{
OXn -modules
with PX-stratification
}
≀

p-MICqn(X′n/Sn)
Φn // MICqn(Xn/Sn)
where the functors ψ∗n, ϕ
∗
n and Φn are induced by F , are commutative up to a functorial isomorphism of
MICqn(Xn/Sn). For every object M of C (OE ′,n), we have a canonical and functorial isomorphism (8.12)
(8.22.6) ηF : Φn(µ(M ))
∼
−→ ν(C∗(M )).
We see that the Cartier transform C∗ (8.16.1) is compatible with Shiho’s functor Φn (6.4.2).
Lemma 8.23. Let F1, F2 : X → X′ be two liftings of the relative Frobenius morphism FX/k of X. Then,
F1, F2 induce a morphism of E ′
(8.23.1) ψ12 : ρ(X,QX)→ (X ′, RX′).
Proof. The proof is similar to that of 6.9. By the universal property of RX′ , it suffices to show that there
exists a unique k-morphism g : QX,1 → X ′ which fits into a commutative diagram
(8.23.2) QX,1 //
g

QX

X2
(F1,F2)

X ′
∆ // X′2
The problem being local on X, we can assume that there exists an étale S -morphism X → Âd
S
=
Spf(W{T1, · · · , Td}). We put ti the image of Ti in OX, ξi = 1⊗ti−ti⊗1, t′i = π
∗(ti) ∈ OX′ and ξ′i = 1⊗t
′
i−t
′
i⊗1
for all 1 ≤ i ≤ d. Locally, there exists sections ai, bi of OX such that F ∗1 (t
′
i) = t
p
i + pai, F
∗
2 (t
′
i) = t
p
i + pbi. By
a similar calculation of (6.9.3), we have
(8.23.3) (F1, F2)∗(ξ′i) = ξ
p
i +
p−1∑
j=1
(
p
j
)
ξjk(tk ⊗ 1)
p−j + p(1⊗ bk − ak ⊗ 1).
Since ξpi = p ·
( ξp
i
p
)
in QX, the assertion follows.
8.24. Keep the assumption of 8.23, we denote by α the composition
(8.24.1) α : (X ′,X, FX/k) = ρ(X,X)
ρ(ιQ)
−−−→ ρ(X,QX)
ψ12
−−→ (X ′, RX′).
We set q′1, q
′
2 : (X
′, RX′)→ (X ′,X′) the canonical morphisms of E ′ and we have q′i ◦ α = Fi (8.20.1).
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Considering RX′ as a formal Hopf OX′ -algebra of Xzar, α induces a W-homomorphism of Xzar:
(8.24.2) a : RX′ → OX.
Equipped with the left (resp. right) OX′-linear action on the source and the OX′ -linear action induced by
F1 (resp. F2) on the target, a is OX′-linear.
Suppose that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · ,Td}) and we take again the
notation of the proof of 8.23. In view of (8.23.3), the homomorphism a is determined by
(8.24.3) a
(
ξ′i
p
)
=
F ∗2 (t
′
i)− F
∗
1 (t
′
i)
p
∀ 1 ≤ i ≤ d.
8.25. Let F1, F2 : X → X′ be two liftings of the relative Frobenius morphism FX/k of X , M a crystal of
OE ′,n-modules, M = M(X′,X′) and ε′ : q˜′∗2,n(M)
∼
−→ q˜′∗1,n(M) the associated RX′ -stratification (8.18). Recall
(8.21) that the morphisms F1 and F2 induce morphisms ψ1, ψ2 : ρ(X,QX) → (X ′, RX′) of E ′ respectively.
We associate to (M, ε′) two different OXn -modules with QX-stratification
(8.25.1) (F ∗1,n(M), πX∗(ψ˜
∗
1,n(ε
′))) and (F ∗2,n(M), πX∗(ψ˜
∗
2,n(ε
′))).
Let Φ1,n (resp. Φ2,n) be Shiho’s functor induced by F1 (resp. F2) (6.4.2). We associate to M two different
objects of MICqn(Xn/Sn) (8.22.5)
(8.25.2) Φ1,n(µ(M )) and Φ2,n(µ(M ))
whose underlying OXn -modules are F
∗
1,n(M) and F
∗
2,n(M) respectively.
The morphism α gives a natural way to glue local constructions of Shiho for different choices of lifting of
the relative Frobenius morphism FX/k of X .
Proposition 8.26. Keep the assumption of 8.25. The morphism α and the RX′-stratification ε′ induce an
isomorphism of OXn-modules with QX-stratification:
(8.26.1) α∗(ε′) : (F ∗2,n(M), πX∗(ψ˜
∗
2,n(ε
′))) ∼−→ (F ∗1,n(M), πX∗(ψ˜
∗
1,n(ε
′)))
such that ηF2 = ηF1 ◦ α
∗(ε′) (8.21.2).
Proof. We denote by q1, q2 : (X,QX) → (X,X) the canonical morphisms of E , by q′1, q
′
2 : (X
′, RX′) →
(X ′,X′) the canonical morphisms of E ′ and by q′ij : (X
′, RX′(2)) → (X ′, RX′) the morphism induced by
RX′(2)→ X′3
p′ij
−−→ X′2 and the universal property of RX for all 1 ≤ i < j ≤ 3 (cf. (4.12.1)).
Since Fi = q′i ◦ α for i = 1, 2, the isomorphism ε
′ : q˜′∗2,n(M)
∼
−→ q˜′∗1,n(M) induces an isomorphism
(8.26.2) πX∗(α˜∗n(ε
′)) : F˜ ∗2,n(M)
∼
−→ F˜ ∗1,n(M).
We write simply α∗(ε′) for πX∗(α˜∗n(ε
′)). Then we have ηF2 = ηF1 ◦α
∗(ε′). It remains to show that the α∗(ε′)
is compatible with the QX-stratifications on both sides.
The compositions of morphisms
X2
p1 // X
∆ // X2
(F1,F2)// X′2
p′2 // X′
X2
(F2,F2)// X′2
p′1 // X′
are equal. We deduce that the compositions of morphisms of E ′
ρ(X,QX)
ρ(q1) // ρ(X,X) α // (X ′, RX′)
q′2 // (X ′,X′)
ρ(X,QX)
ψ2 // (X ′, RX′)
q′1 // (X ′,X′)
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are equal. In view of the isomorphism (X ′, RX′(2)) ≃ (X ′, RX′) ×(X′,X′) (X ′, RX′) of E ′ (4.11.1), we obtain
a morphism of E ′
(8.26.3) u : ρ(X,QX)→ (X ′, RX′(2))
such that α ◦ ρ(q1) = q′12 ◦ u and ψ2 = q
′
23 ◦ u. Symmetrically, we construct a morphism of E
′
(8.26.4) v : ρ(X,QX)→ (X ′, RX′(2))
such that ψ1 = q′12 ◦ v and α ◦ ρ(q2) = q
′
23 ◦ v. The compositions
X2
(ι1,ι1,ι2)
−−−−−−→ X3
(F1,F2,F2)
−−−−−−−→ X′3
p′13−−→ X′2
X2
(ι1,ι2,ι2)
−−−−−−→ X3
(F1,F1,F2)
−−−−−−−→ X′3
p′13−−→ X′2
are equal to (F1, F2) : X2 → X′2. By the universal property ofRX′ (3.12), we deduce that q′13◦u = q
′
13◦v = ψ12
(8.23), i.e. the compositions
(8.26.5) ρ(X,QX)
u //
v
// (X ′, RX′(2))
q′13 // (X ′, RX′)
are equal to ψ12. By (8.20.3), we have ψ˜∗i,n(q˜
′∗
j,n(M)) ≃ q˜
∗
j,n(F˜
∗
i,n(M)) for all i, j = 1, 2. By the cocycle
condition q˜′∗12,n(ε
′) ◦ q˜′∗23,n(ε
′) = q˜′∗13,n(ε
′), we deduce a commutative diagram:
(8.26.6) ψ˜∗2,n(q˜
′∗
2,n(M))
ψ˜∗2,n(ε
′)
//
q˜∗2,n(α˜
∗
n(ε
′))

ψ˜∗2,n(q˜
′∗
1,n(M))
q˜∗1,n(α˜
∗
n(ε
′))

ψ˜∗1,n(q˜
′∗
2,n(M))
ψ˜∗1,n(ε
′)
// ψ˜∗1,n(q˜
′∗
1,n(M))
That is the isomorphism α∗(ε′) is compatible with the QX-stratifications πX∗(ψ˜∗2,n(ε
′)) and πX∗(ψ˜∗1,n(ε
′)).
Corollary 8.27. Keep the assumption of 8.25. The isomorphism (8.26.1) induces an isomorphism of
MICqn(Xn/Sn) (8.25.2)
(8.27.1) α∗(ε′) : Φ2,n(µ(M ))
∼
−→ Φ1,n(µ(M ))
such that ηF2 = ηF1 ◦ α
∗(ε′) (8.22.6).
It follows from (8.22.5) and 8.26.
Remark 8.28. Given a lifting of the Frobenius morphism, Shiho’s functor (6.4.1) applies to OX′n -modules
with integrable p-connection. However, the isomorphisme (8.27.1), which glues local constructions of Shiho,
depends on the RX′ -stratification on the OX′n -module M(X′,X′).
9. Cartier transform of Ogus–Vologodsky
In this section, X denotes a scheme. Starting from 9.9, we will suppose that X is smooth over k.
9.1. Let E a locally free OX -module of finite type. We denote by S(E) (resp. Γ(E)) the symmetric algebra
(resp. PD-algebra) of E over OX ([19] I 4.2.2.6) and for any integer n ≥ 0, by S
n(E) (resp. Γn(E)) its
homogeneous part of degree n. There exists a unique homomorphism of OX -algebras
(9.1.1) δ : S(E)→ S(E)⊗OX S(E)
such that for every local section e of E, we have δ(e) = 1⊗ e+ e⊗ 1. This homomorphisms makes S(E) into
a Hopf commutative OX -algebra.
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9.2. Let I (resp. J) be the ideal ⊕n≥1 S
n(E) of S(E) (resp. PD-ideal ⊕n≥1Γn(E) of Γ(E)). Recall ([5] 3.9)
that we have
(9.2.1) S(E)/In ≃ ⊕m<n S
m(E), Γ(E)/J [n] ≃ ⊕m<nΓm(E), ∀n ≥ 1.
We denote by Ŝ(E) (resp. Γ̂(E)) the completion of S(E) (resp. Γ(E)) with respect to the filtration {In}n≥1
(resp. PD-filtration {J [n]}n≥1).
Let M be a Γ̂(E)-module. We say that M is quasi-nilpotent if for any open subscheme U of X and any
e ∈ M(U), there exists a Zariski covering {Ui → U}i∈I and a family of integers {Ni}i∈I such that for each
i ∈ I, e|Ui is annihilated by the ideal J
[Ni]. For any integer n ≥ 0, we say that M is nilpotent of level ≤ n if
E is annihilated by J [n+1].
9.3. Let Ω = H omOX (E,OX) be the dual of E. The pairing E⊗OX Ω→ OX induces a canonical morphism
(9.3.1) Γn(E)⊗OX S
m+n(Ω)→ Sm(Ω)
which is perfect if m = 0 ([5] A.10). If we equip Γ(E) with the topology defined by the PD-filtration {J [n]}
and S(Ω) with the discrete topology, the OX -linear morphism Γ(E) ⊗OX S(Ω) → S(Ω) is continuous. It
extends by continuity to an action of Γ̂(E) on S(Ω):
(9.3.2) Γ̂(E)⊗OX S(Ω)→ S(Ω).
We have an increasing exhaustive filtration of Γ̂(E)-submodules {⊕m≤n S
m(Ω)}n≥0 of S(Ω) such that
⊕m≤n Sm(Ω) is nilpotent of level ≤ n. Then S(Ω) is quasi-nilpotent. The above morphism induces an
OX -linear isomorphism
Γ̂(E) = lim
←−
n
(⊕m≤nΓm(E))(9.3.3)
≃ lim
←−
n
H omOX (⊕m≤n S
m(Ω),OX)
= H omOX (S(Ω),OX).
We equip H omOX (S(Ω),OX) with the OX -algebra structure induced by the Hopf algebra S(Ω) (4.5). The
above isomorphism is an isomorphism of OX -algebras.
9.4. Let f : Y → X be a morphism of schemes. We put EY = f∗(E) and ΩY = f∗(Ω). By the universal
property of the symmetric algebra, we have a canonical isomorphism of OY -algebras
(9.4.1) f∗(SOX (Ω))
∼
−→ SOY (ΩY ).
Since SOX (Ω) is a direct sum of locally free OX -modules of finite type, by duality (9.3.3), we deduce a
canonical isomorphism of OY -algebras
Γ̂OY (EY ) ≃ H omOY (SOY (ΩY ),OY )(9.4.2)
≃ f∗(H omOX (SOX (Ω),OX))
≃ f∗(Γ̂OX (E)).
9.5. Let L be an E-torsor of Xzar. An affine function on L is a morphism f : L → OX of Xzar satisfying
the following equivalent conditions ([2] II.4.7):
(i) For every open subscheme U of X and every s ∈ L (U), the morphism:
(9.5.1) E(U)→ O(U), t 7→ f(s+ t)− f(s)
is OX(U)-linear.
(ii) There exists a section ωf ∈ Ω(X), called the linear term of f , such that for every open subscheme
U of X and all s ∈ L (U) and t ∈ E(U), we have
(9.5.2) f(s+ t) = f(s) + ωf(t).
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The condition (i) is clearly local for the Zariski topology on X . We denote by F the subsheaf of
H omXzar(L ,OX) consisting of affine functions on L ; in other words, for any open subscheme U of X ,
F (U) is the set of affine functions on L |U . It is naturally endowed with an OX -module structure. We call
F the sheaf of affine functions on L .
We have a canonical OX -linear morphism c : OX → F whose image consists of constant functions. The
“linear term” defines an OX -linear morphism ω : F → Ω. One verifies that the sequence
(9.5.3) 0→ OX
c
−→ F
ω
−→ Ω→ 0
is exact. By ([19] I 4.3.1.7), the above sequence induces, for any integer n ≥ 1, an exact sequence:
(9.5.4) 0→ Sn−1(F )→ Sn(F )→ Sn(Ω)→ 0.
The OX -modules (S
n(F ))n≥0 form a inductive system. We denote its inductive limit by
(9.5.5) A = lim
−→
n≥0
Sn(F )
which is naturally endowed with a structure of an OX -algebra. For any integer n ≥ 0, the canonical morphism
Sn(F ) → A is injective. By letting Nn(A ) = Sn(F ) for all n ≥ 0, we obtain an increasing exhaustive
filtration of A .
There exists a unique homomorphism of OX -algebras
(9.5.6) µ : A → S(Ω)⊗OX A
such that for every local section m of F , we have
(9.5.7) µ(m) = 1⊗m+ ω(m)⊗ 1.
For any integer n ≥ 0, we have
(9.5.8) µ(Nn(A )) ⊂ ⊕i+j=n S
i(Ω)⊗Nj(A ).
By construction, the following diagram is commutative
(9.5.9) A
µ //
µ

S(Ω)⊗OX A
δ⊗id

S(Ω)⊗OX A
id⊗µ // S(Ω)⊗OX S(Ω)⊗OX A
9.6. By (9.3.3) and (9.5.6), we have an OX -linear morphism:
Γ̂(E)⊗OX A → A(9.6.1)
u⊗ a 7→ (u⊗ id)(µ(a)).
By (9.5.7) and (9.5.9), the above morphism makes A into a Γ̂(E)-module. The action of E on F is given
by ω (9.5.3) and duality. By (9.5.8), we see that A is quasi-nilpotent and that for any n ≥ 0, Nn(A ) is a
Γ̂(E)-submodule of A and is nilpotent of level ≤ n.
The canonical S(Ω)-linear isomorphism Ω1S(Ω)/OX
∼
−→ Ω⊗OX S(Ω) induces an isomorphism
(9.6.2) Ω1
A /OX
∼
−→ Ω⊗OX A .
We denote the universal OX -derivation by
(9.6.3) dA : A → Ω⊗OX A .
For any local section m of F , we have dA (m) = ω(m)⊗ 1.
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9.7. Let s ∈ L (X) and let ρs : F → OX be the associated splitting of the exact sequence (9.5.3). The
morphism Ω→ F deduced from id−c ◦ ρs extends to an isomorphism of OX -algebras
(9.7.1) ψ : S(Ω) ∼−→ A
which is compatible with the filtrations (⊕0≤i≤n Si(Ω))n and (Nn(A ))n. The diagram (9.1.1)
(9.7.2) S(Ω)
ψ //
δ

A
µ

S(Ω)⊗OX S(Ω)
id⊗ψ // S(Ω)⊗OX A
is commutative. Hence the isomorphism ψ is compatible with the Γ̂(E)-module structures (9.3).
9.8. Let f : Y → X be a morphism of schemes and L an E-torsor of Xzar. For OX -modules, we will use
the notation f−1 to denote the inverse image in the sense of abelian sheaves and will keep the notation f∗
for the inverse image in the sense of modules. The affine inverse image of L under f , denoted by f+(L ),
is the f∗(E)-torsor of Yzar deduced from the f−1(E)-torsor f∗(L ) by extending its structural group by the
canonical homomorphism f−1(E)→ f∗(E),
(9.8.1) f+(L ) = f∗(L ) ∧f
−1(E) f∗(E);
in other words, the quotient of f∗(L )× f∗(E) by the diagonal action of f−1(E) ([17] III 1.4.6).
We denote by F the sheaf of affine functions on L (9.5) and by F+ the sheaf of affine functions on f+(L ).
Let l : L → OX be an affine morphism, ω ∈ Ω(X) its linear term and ω′ = f∗(ω) ∈ f∗(Ω)(Y ). Endowing
OY with the structure of f∗(E)-object defined by ω′ ([2] II.4.8), there exists a unique f∗(E)-equivariant
morphism l′ : f+(L )→ OY that fits into the commutative diagram
(9.8.2) f∗(L ) l //

f−1(OX)

f+(L ) l
′
// OY
where the vertical arrows are the canonical morphisms ([17] III 1.3.6). The morphism l′ is therefore affine,
with linear term ω′. The resulting correspondence l 7→ l′ induces an OX -linear morphism
(9.8.3) λ♯ : F → f∗(F+).
Its adjoint morphism is an OY -linear isomorphism ([2] II.4.13.4)
(9.8.4) λ : f∗(F ) ∼−→ F+
which fits into a commutative diagram
(9.8.5) 0 // OY

// f∗(F ) //
λ

f∗(Ω)

// 0
0 // OY // F+ // f∗(Ω) // 0
In particular, the isomorphism λ is compatible with actions of f∗(Γ̂OX (E)) ≃ Γ̂OY (f
∗(E)) (9.4.2).
9.9. In the following of this section, X denotes a smooth scheme over k. We denote by Crys(X/k) the
crystalline site ofX over k equipped with the PD-ideal 0, by (X/k)crys the crystalline topos ofX over k and by
OX/k the structure ring of (X/k)crys defined for every object (U, T, δ) of Crys(X/k), by (U, T, δ) 7→ Γ(T,OT ).
Recall ([5] 5.1) that to give a sheaf E on Crys(X/k) is equivalent to give the following data:
(i) For every object (U, T, δ) of Crys(X/k), a sheaf E(U,T,δ) of Tzar;
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(ii) For every morphism g : (U1, T1, δ1)→ (U2, T2, δ2), a morphism of T1,zar
(9.9.1) cg : −1g (E(U2,T2,δ2))→ E(U1,T1,δ1),
where −1g denotes the inverse image functor from T2,zar to T1,zar;
satisfying some compatibility conditions.
If E is an OX/k-module, E(U,T,δ) is an OT -module and cg extends to an OT1 -linear morphism:
(9.9.2) c˜g : ∗g(E(U2,T2,δ2))→ E(U1,T1,δ1),
where ∗g denotes the inverse image functor from the category of OT2 -modules to the category of OT1 -modules.
Recall that E is quasi-coherent if each OT -module E(U,T,δ) is quasi-coherent and that E is called a crystal
of OX/k-modules if each morphism c˜g is an isomorphism.
9.10. Let E be a crystal of locally free OX/k-modules of finite type on Crys(X/k) and L an E-torsor of
(X/k)crys. For any object (U, T ) of Crys(X/k), L(U,T ) is an E(U,T )-torsor of Tzar ([4] III 3.5.1). We define
F(U,T ) to be the sheaf of affine functions on L(U,T ) of Tzar (9.5).
Let g : (U1, T1)→ (U2, T2) be a morphism of Crys(X/k). The morphism (9.9.1)
(9.10.1) cg : −1g (L(U2,T2))→ L(U1,T1)
is −1g (E(U2,T2))-equivariant. By ([17] III 1.4.6(iii)), we obtain an E(U1,T1)-equivariant isomorphism
(9.10.2) +g (L(U2,T2))
∼
−→ L(U1,T1).
By (9.8.4), we deduce an OT1 -linear isomorphism ([2] II 4.14.2)
(9.10.3) γg : g∗(F(U2,T2))
∼
−→ F(U1,T1).
In view of the compatibility conditions of cg (9.10.1) and ([2] II 4.15), the data {F(U,T ), γg} satisfy the
compatibility conditions of ([5] 5.1). Hence, they define a crystal of OX/k-modules that we denote by F and
call the crystal of affine functions on L .
9.11. Keep the notation of 9.10. For any object (U, T ) of Crys(X/k) and any integer n ≥ 0, we set
A(U,T ) = lim−→m≥0 S
m(F(U,T )) and Nn(A )(U,T ) = S
n(F(U,T )). For any morphism g : (U1, T1) → (U2, T2) of
Crys(X/k), since F is a crystal and ∗g commutes with inductive limits, we have canonical isomorphisms
c˜g : ∗g(A(U2,T2)) ≃ lim−→
n≥0
∗g(S
n(F(U2,T2)))
∼
−→ A(U1,T1),(9.11.1)
d˜g : ∗g(Nn(A )(U2,T2)) ≃ S
n(∗g(F(U2,T2)))
∼
−→ Nn(A )(U1,T1).(9.11.2)
Then the data {A(U,T ), c˜g} (resp. {Nn(A )(U,T ), d˜g}) form a crystal of OX -algebras (resp. OX -modules) that
we denote by A (resp. Nn(A )). Then {Nn(A )}n≥1 defines an increasing filtration of A .
9.12. Let (U, T, δ) be an object of Crys(X/k) and JT the PD-ideal associated to the closed immersion
i : U → T . For any local section a of JT , we have ap = 0 and hence an isomorphism U
∼
−→ T . We denote by
ϕT/k the composition (2.2)
(9.12.1) ϕT/k : T
fT/k // U ′ // X ′.
The morphism ϕX/k is equal to the relative Frobenius morphism FX/k. If g : (U1, T1) → (U2, T2) is a
morphism of Crys(X/k), then ϕT2/k ◦ g = ϕT1/k.
Let M ′ be an OX′ -module. There exists a canonical isomorphism
(9.12.2) c˜g : g∗(ϕ∗T2/k(M
′)) ∼−→ ϕ∗T1/k(M
′).
The data {ϕ∗T/k(M
′), c˜g} defines a crystal of OX/k-modules that we denote by M .
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Lemma 9.13 ([32] 1.1). The OX -module with integrable connection associated to M ([5] 6.8) is F ∗X/k(M
′)
and the Frobenius descent connection ∇can (6.5.1).
Proof. The OX -module M(X,X) is equal to ϕ∗X/k(M
′) = F ∗X/k(M
′). Let P 1X be the 1
st order PD neigh-
borhood of the diagonal immersion X → X2 ([5] 3.31) and I the ideal associated to the closed immersion
X → P 1X . Then (X,P
1
X) is an object of Crys(X/k) ([5] 4.2). We have a commutative diagram
(9.13.1) P 1X
p1 //
p2

ϕP1
X
/k
''❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
❖❖
X
FX/k

X
FX/k // X ′
The morphisms p1, p2 extend to morphisms of Crys(X/k). We have isomorphisms:
(9.13.2) c˜p1 : p
∗
1(F
∗
X/k(M
′)) ∼−→ ϕ∗P 1
X
/k(M
′), c˜p2 : p
∗
2(F
∗
X/k(M
′)) ∼−→ ϕ∗P 1
X
/k(M
′).
We set ε to be the composition of c˜p2 and the inverse of c˜p1 . The connection ∇ on F
∗
X/k(M
′) associated to
M is defined, for every local sections f of OX and m of M ′ by
∇(fF ∗X/k(m)) = fF
∗
X/k(m)⊗ 1− ε(1⊗ fF
∗
X/k(m)) ∈ F
∗
X/k(M
′)⊗OX Ω
1
X/k.
In view of (9.13.1), ∇ annihilates F−1X/k(M
′). Then the assertion follows.
9.14. We denote by Crys(X/W2) the crystalline site of X over W2 equipped with the PD-structure γ2
(5.12). Let (U, T˜ , δ) be an object of Crys(X/W2) and T the reduction modulo p of T˜ . Since δ and γ2 are
compatible ([5] 3.16), (U, T˜ , δ) induces an object (U, T, δ¯) of Crys(X/k).
9.15. Let TX/k (resp. TX′/k) be the OX -dual of the OX -module of differential forms Ω1X/k (resp. Ω
1
X′/k).
Suppose we are given a smooth lifting X˜ ′ of X ′/k over W2. Let (U, T˜ , δ) be an object of Crys(X/W2) such
that T˜ is flat over W2, T the reduction modulo p of T˜ and V an open subscheme of T . Then (U, T ) is an
object of Crys(X/k). We denote by V˜ the open subscheme of T˜ associated to V and by L
X˜′,ϕT/k
(V ) the
set of W2-morphisms V˜ → X˜ ′ which make the following diagram commute (9.12)
(9.15.1) V //
ϕT/k|V

V˜

X ′ // X˜ ′
The functor V 7→ L
X˜′,ϕT/k
(V ) defines a sheaf for the Zariski topology on T . Since X˜ ′ is smooth over W2,
such liftings exist locally. By deformation theory ([19] III 2.2.4), the sheaf L
X˜′,ϕT/k
is a torsor under the
OT -module H omOT (f
∗
T/k(Ω
1
X′/k), pOT˜ )
∼
−→ ϕ∗T/k(TX′/k).
Proposition 9.16 ([32] Thm. 1.1). Suppose we are given a smooth lifting X˜ ′ of X ′ over W2. Let TX′/k
be the crystal of OX/k-modules associated to the OX′-module TX′/k (9.12). Then, there exists a unique
TX′/k-torsor LX˜′ of (X/k)crys satisfying following conditions:
(i) For every object (U, T ) of Crys(X/k) admitting a flat lifting (U, T˜ ) in Crys(X/W2), the abelian sheaf
L
X˜′,(U,T )
of Tzar is the sheaf LX˜′,ϕT/k
(9.15).
(ii) For every morphism g˜ : (U1, T˜1) → (U2, T˜2) of flat objects in Crys(X/W2) and any lifting F˜ : T˜2 →
X˜ ′ ∈ L
X˜′,ϕT2/k
(T2), the transition morphism cg : −1g (LX˜′,(U2,T2))→ LX˜′,(U1,T1) (9.9.1) satisfies
(9.16.1) cg(−1g (F˜ )) = F˜ ◦ g˜ : T˜1 → X˜
′.
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9.17. We denote by F
X˜′
the crystal of affine functions on L
X˜′
(9.10) and by A
X˜′
the quasi-coherent crystal
of OX/k-algebras associated to FX˜′ (9.11). We put AX˜′ = AX˜′,(X,X). There exists an integrable connection
∇A on AX˜′ . By (9.4.2) and 9.6, AX˜′ is a quasi-nilpotent F
∗
X/k(Γ̂(TX′/k))-module.
Proposition 9.18 ([32] Prop. 1.5). The p-curvature
ψ : A
X˜′
→ A
X˜′
⊗OX F
∗
X/k(Ω
1
X′/k)
of ∇A is equal to the universal OX-derivation (9.6.3)
d : A
X˜′
→ A
X˜′
⊗OX F
∗
X/k(Ω
1
X′/k).
9.19. Let E be an OX -module. Recall (5.1) that a Higgs fields on E over X relative to k is an OX -linear
morphism θ : E → E⊗OX Ω
1
X/k such that θ ∧ θ = 0. A Higgs field on E over X relative to k is equivalent to
an S(TX/k)-module structure on E, which extends its OX -module structure (cf. [32] 5.1). The pair (E, θ) is
called a Higgs module on X relative to k.
We denote by HIG(X/k) the category of Higgs modules on X relative to k. Let IX be the ideal
⊕m>0 S
m(TX/k) of S(TX/k). For any integer n ≥ 0, we say that a Higgs module E over X relative to
k is nilpotent of level ≤ n, if E is annihilated by In+1X as an S(TX/k)-module.
9.20. We call PD-Higgs module on X relative to k a Γ̂(TX/k)-module E, and we say that the structure
morphism ψ : Γ̂(TX/k) → H omOX (E,E) is the PD-Higgs field on E. For any local section ξ of Γ̂(TX/k),
we set ψξ = ψ(ξ).
Let n be an integer ≥ 1. We denote by HIGγ(X/k) the category of Γ̂(TX/k)-modules and by HIG
qn
γ (X/k)
(resp. HIGnγ (X/k)) the full subcategory of HIGγ(X/k) consisting of quasi-nilpotent objects (resp. nilpotent
objects of level ≤ n) (9.2).
Since Sn(TX/k) ≃ Γn(TX/k) for all 0 ≤ n ≤ p − 1, a nilpotent Higgs module of level ≤ p − 1 induces
naturally a nilpotent PD-Higgs module of level ≤ p− 1.
9.21. Let (E1, ψ1) and (E2, ψ2) be two objects of HIG
qn
γ (X/k) and ∂ a local section of TX/k. We define a
PD-Higgs field ψ on E1 ⊗OX E2 by ([32] 2.7.1)
(9.21.1) ψ∂[n] =
∑
i+j=n
ψ1,∂[i] ⊗ ψ2,∂[j] .
Let m,n be two integers, (E1, ψ1) an object of HIG
n
γ (X/k) and (E2, ψ2) an object of HIG
m
γ (X/k). There
exists a unique PD-Higgs field ψ on H omOX (E1, E2) defined, for every local sections h of H omOX (E1, E2)
and ∂ of TX/k by (cf. [32] page 31)
(9.21.2) ψ∂[l](h) =
∑
i+j=l
(−1)iψ2,∂[i] ◦ h ◦ ψ1,∂[j] ∀ l ≥ 1.
9.22. Let n ≥ 1 be an integer and PnX the n
th PD-neighborhood of the diagonal immersion X → X2
with respect to the zero PD-ideal of k ([5] 3.31). We put PnX = OPnX and we consider them as sheaves of
Xzar. Considering PnX as a left OX -module, we set (P
n
X)
∨ = H omOX (P
n
X ,OX) the sheaf of PD-differential
operators of order ≤ n ([5] 4.5). The sheaves {(PnX)
∨}n≥0 form an inductive system. The ring DX/k of
PD-differential operators of X relative to k ([5], §4) is defined as the inductive limit
(9.22.1) DX/k = lim−→
n≥0
(PnX)
∨.
Suppose that there exists an étale k-morphism X → Adk = Spec(k[t1, · · · , td]). Let ti be the image of Ti
in OX and ∂i ∈ TX/k(X) the dual of dti that we consider as a PD-differential operator. For i 6= j, ∂i and ∂j
commute. We set ∂I =
∏d
j=1 ∂
ij
j for all I = (i1, · · · , id) ∈ N
d. By ([4] I 4.5.3), the OX -module (PnX)
∨ is free
with a basis {∂I , |I| ≤ n}. Any local section of DX/k can be written as a finite sum
∑
I aI∂
I .
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9.23. Let ∂ be a local section of TX/k considered as a derivation of OX over k and hence as a PD-differential
operator of order ≤ 1. The sheaf of rings DX/k is generated over OX by TX/k. The pth iterate ∂(p) of ∂ is
again a derivation of OX over k ([21] 5.0.2, [5] 4.5) and hence a PD-differential operator of order ≤ 1. We
denote by ∂p the pth power of ∂ in DX/k, which is an operator of order ≤ p.
We have a homomorphism of OX -algebras (2.2)
(9.23.1) c : F ∗X(TX/k)→ DX/k, F
∗
X(∂) 7→ ∂
p − ∂(p),
called p-curvature morphism, which factors through the center ZX/k of DX/k ([21] 5.2, [6] 1.3.1). By the
isomorphism π∗X/k(TX/k) ≃ TX′/k and adjunction, we deduces from c an OX′ -linear morphism
(9.23.2) c′ : TX′/k → FX/k∗(ZX/k).
Theorem 9.24 ([6] 2.2.3; [32] Thm. 2.1). The morphism c′ (9.23.2) induces an isomorphism of OX′-algebras
(9.24.1) S(TX′/k)
∼
−→ FX/k∗(ZX/k).
The above morphism makes FX/k∗(DX/k) into an Azumaya algebra over S(TX′/k) of rank p2d, where d is
the dimension of X over k.
9.25. We denote by DγX/k the tensor product
(9.25.1) DX/k ⊗S(TX′/k)Γ̂(TX′/k).
via the morphism S(TX′/k) → FX/k∗(DX/k) induced by the p-curvature morphism (9.24.1). To give a left
DγX/k-module is equivalent to give an OX -module M with integrable connection ∇ and a homomorphism
(9.25.2) ψ : Γ̂(TX′/k)→ FX/k∗(E ndOX (M,∇))
which extends the Higgs field
(9.25.3) S(TX′/k)→ FX/k∗(E ndOX (M,∇))
given by the p-curvature of ∇ (9.24.1) (cf. [32] page 32).
9.26. Recall (9.4.2) that we have a canonical isomorphism F ∗X/k(Γ̂(TX′/k))
∼
−→ Γ̂(F ∗X/k(TX′/k)). Let M be
a left DγX/k-module and n an integer ≥ 0. We say that M is quasi-nilpotent (resp. nilpotent of level ≤ n) if
M is quasi-nilpotent (resp. nilpotent of level ≤ n) as a Γ̂(F ∗X/k(TX′/k))-module (9.2).
We denote by MICγ(X/k) the category of left D
γ
X/k-modules and by MIC
qn
γ (X/k) (resp. MIC
n
γ (X/k)) the
full subcategory of MICγ(X/k) consisting of quasi-nilpotent objects (resp. nilpotent objects of level ≤ n).
Let (M,∇) be an OX -module with integrable connection whose p-curvature is nilpotent of level ≤ p− 1
([21] 5.6). Since Sn(TX′/k) ≃ Γn(TX′/k) for all 0 ≤ n ≤ p − 1, (M,∇) induces naturally an object of
MICp−1γ (X/k). In particular, an OX -module with integrable connection of p-curvature zero (6.5) induces
naturally a nilpotent left DγX/k-module of level ≤ 0.
9.27. Let (M1,∇1, ψ1) and (M2,∇2, ψ2) be two objects of MICqnγ (X/k). There exists a canonical integrable
connection ∇ on M1⊗OX M2 ([21] 1.1.1). The morphisms ψ1 and ψ2 induce an action ψ of F
∗
X/k(Γ̂(TX′/k))
on M1 ⊗OX M2 as in (9.21.1). Then we obtain an object (M1 ⊗OX M2,∇, ψ) of MIC
qn
γ (X/k).
Let m,n be two integers and (M1,∇1, ψ1) an object of MICmγ (X/k) and (M2,∇2, ψ2) an object of
MICnγ (X/k). There exists an integrable connection ∇ on the OX -module H omOX (M1,M2) defined, for
every local sections ∂ of TX/k and h of H omOX (M1,M2) by ([21] 1.1.2)
(9.27.1) ∇∂(h) = ∇2,∂ ◦ h− h ◦ ∇1,∂ .
By induction, one verifies that for any l ≥ 1, we have
(9.27.2) (∇∂)l(h) =
∑
i+j=l
(−1)i
(
l
i
)
(∇2,∂)i ◦ h ◦ (∇1,∂)j .
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The morphisms ψ1 and ψ2 induce an action of Γ̂(TX′/k) on FX/k∗(H omOX (M1,M2)) defined by the same
formula as (9.21.2). In view of (9.27.2), these data make H omOX (M1,M2) into an object of MIC
m+n
γ (X/k)
([32] 2.1).
9.28. By 9.18, the OX -algebra AX˜′ (9.17) is equipped with a quasi-nilpotent left D
γ
X/k-module structure.
Moreover, we have an exhaustive filtration {Nn(AX˜′ )}n≥0 of left D
γ
X/k-submodules ofAX˜′ such thatNn(AX˜′)
is nilpotent of level ≤ n (9.11). We denote by (A
X˜′
)∨ the OX -dual of AX˜′ :
(9.28.1) (A
X˜′
)∨ = H omOX (AX˜′ ,OX) ≃ lim←−
n≥0
H omOX (Nn(AX˜′),OX).
By 9.26 and 9.27, we see that (A
X˜′
)∨ is an object of MICγ(X/k).
The involution morphism TX/k → TX/k defined by x 7→ −x, induces a homomorphism that we denote by
(9.28.2) ι : Γ̂(TX′/k)→ Γ̂(TX′/k).
Theorem 9.29 ([32] 2.8). Suppose we are given a smooth lifting X˜ ′ of X ′ over W2.
(i) The left DγX/k-module BX˜′ is a splitting module for the Azumaya algebra FX/k∗(D
γ
X/k) over Γ̂(TX′/k).
(ii) The functors (9.28.2)
C
X˜′
: MICγ(X/k)
∼
−→ HIGγ(X ′/k) E 7→ ι∗(H omDγ
X/k
((A
X˜′
)∨, E))(9.29.1)
C−1
X˜′
: HIGγ(X ′/k)
∼
−→ MICγ(X/k) E′ 7→ (AX˜′)
∨ ⊗
Γ̂(TX′/k)
ι∗(E′).(9.29.2)
are equivalences of categories quasi-inverse to each other. Furthermore, they induce equivalences of tensor
categories between MICqnγ (X/k) and HIG
qn
γ (X
′/k) (9.21, 9.27).
(iii) Let (E,∇, ψ) be an object of MICγ(X/k) and (E′, θ′) = CX˜′(E,∇, ψ). If a lifting F˜ of the relative
Frobenius morphism FX/k exists, it induces a natural isomorphism of F
∗
X/k(Γ̂(TX′/k))-modules
(9.29.3) η
F˜
: (E,ψ) ∼−→ F ∗X/k(E
′,−θ′).
We call C
X˜′
(resp. C−1
X˜′
) the Cartier transform (resp. inverse Cartier transform) of Ogus–Vologodsky.
Theorem 9.30 ([32] 2.17). Suppose we are given a smooth lifting X˜ ′ of X ′ over W2. Let (M ′, θ′) be a
nilpotent Higgs module on X ′/k of level ℓ < p (9.20) and (M,∇) = C−1
X˜′
(M ′, θ′). Then, the lifting X˜ ′
induces an isomorphism in the derived category D(OX′)
(9.30.1) τ<p−ℓ(M ′ ⊗OX′ Ω
•
X′/k)
∼
−→ FX/k∗(τ<p−ℓ(M ⊗OX Ω
•
X/k)),
where M ′ ⊗OX′ Ω
•
X′/k is the Dolbeault complex of (M
′, θ′), M ⊗OX Ω
•
X/k is the de Rham complex of (M,∇)
and τ<• denotes the truncation of a complex.
We will give a partial generalization of this result for certain pn-torsion crystals (cf. 13.1, 13.23).
10. Prelude on rings of differential operators
In this section X denotes a smooth scheme over k. From 10.11 on, suppose we are given a smooth formal
S -scheme X with special fiber X .
10.1. Let n ≥ 1 be an integer. We denote by PX (resp. PnX) the PD-envelope (resp. the n
th PD-
neighborhood) of the diagonal immersion ∆ : X → X2 with respect to the zero PD-ideal of k ([5] 3.31). We
put PX = OPX and P
n
X = OPnX and we consider them as sheaves of Xzar. By 5.15, one verifies that PX is
equipped with a Hopf OX -algebra structure (δ, π, σ) (4.2). By (5.14.2), δ is a homomorphism of PD-algebras.
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Assume that there exists an étale k-morphism X → Adk = Spec(k[T1, · · · , Td]). We set ti the image of Ti
in OX and ξi = 1⊗ ti − ti ⊗ 1. We consider the ξi’s as sections of PX . Regarding PX as a left (resp. right)
OX -algebra, we have an isomorphism of PD-OX -algebras ([4] I 4.5.3)
(10.1.1) OX〈x1, · · · , xd〉
∼
−→ PX ,
where xi is sent to ξi. The homomorphism of PD-algebras δ : PX → PX ⊗OX PX ([4] I 1.7.1) sends ξi to
ξi ⊗ 1 + 1⊗ ξi. For any α ∈ Nd, we set ξ[α] =
∏
ξ
[αi]
i . Then we deduce that
(10.1.2) δ(ξ[α]) =
∑
β∈Nd,β≤α
ξ[β] ⊗ ξ[α−β].
The left (resp. right) OX -module PnX is free with a basis {ξ
[α], |α| ≤ n} ([4] I 4.5.3).
10.2. Let U be a open subscheme of X2 such that ∆(X) ⊂ U and that X → U is a closed immersion.
The canonical morphism PX → X2 factors through an affine morphism PX → U . We denote by Z the
schematical image of PX → U ([24] 6.10.1 and 6.10.5). Note that the morphisms X → PX and PX → Z
induce isomorphisms between the underlying topological spaces. Hence we regard OZ as an OX -bialgebra of
Xzar. We obtain an injective homomorphism of O-bialgbras OZ → PX and we consider OZ as a subalgebra
of PX .
Lemma 10.3. The scheme Z defined in 10.2 is independent of the choice of U up to canonical isomorphisms.
Proof. Let U1 and U2 be two open subscheme of X2 such that ∆(X) ⊂ Ui and that X → Ui is a closed
immersion i = 1, 2 and Z1 (resp. Z2) the schematical image of PX in U1 (resp. U2). We can suppose that
U1 ⊂ U2. The image of |Z1| and |PX| in |U1| (resp. |U2|) are equal. Then the composition Z2 → U1 → U2 is
a closed immersion. By ([24] 6.10.3), we deduce a canonical isomorphism Z1
∼
−→ Z2.
Lemma 10.4. Assume that X is separated and that there exists an étale k-morphism X → Adk.
(i) The left (resp. right) OX-module OZ is free with a basis {ξ[α], α ∈ {0, 1, · · · , p− 1}d} (10.1.1).
(ii) The OZ-module PX is free with a basis {ξ[pI], I ∈ Nd}.
Proof. (i) It is clear that OZ contains ξ[α] for all α ∈ {0, · · · , p − 1}d. It suffices to show that OZ is
contained in the OX -submodule of PX generated by {ξ[α], α ∈ {0, 1, · · · , p− 1}d}.
The question being local, we suppose that X is quasi-compact. Let J be the ideal sheaf associated to
the diagonal closed immersion X → X2 and ̟ : PX → X2 the canonical morphism. By 10.3, we consider
Z as the schematical image of ̟. The ideal J being of finite type, we suppose that J is generated by m
elements x1, · · · , xm of J(X2) for some integer m ≥ d. Since OPX is a PD-algebra, the image of x
p
1, · · · , x
p
m
in ̟∗(OPX ) are zero. Put N = (p − 1)m. Then the image of the ideal J
N+1 in ̟∗(OPX ) is zero, i.e.
the morphism ̟ factors through the N th order infinitesimal neighborhood YN = Spec(OX2/JN+1) of the
diagonal immersion X → X2. Then we obtain a homomorphism
(10.4.1) OYN → PX
whose image is OZ . Recall ([5] 2.2) that, the left (resp. right) OX -module OYN is free with a basis {ξ
I , |I| ≤
N}. For any element I = (i1, · · · , id) ∈ Nd, if one of the components ij is ≥ p, then the image of ξI in PX
is zero. Then the assertion follows.
(ii) The assertion follows from (i) and the local description of PX (10.1.1).
10.5. The p-curvature morphism c′ : S(TX′/k) → FX/k∗(DX/k) induces an isomorphism between S(TX′/k)
and the center ZX/k of DX/k (9.24). It makes DX/k into an S(TX′/k)-module of finite type. Let IX′ be the
ideal ⊕m≥1 S
m(TX′/k) of S(TX′/k). We denote by K the two-side ideal of DX/k generated by c′(IX′) and by
D̂X/k the completion of DX/k with respect to the filtration {Km}m≥1:
(10.5.1) D̂X/k = lim←−
m≥1
DX/k /K
m.
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The completion D̂X/k is equal to the (IX′ )-adic completion for the S(TX′/k)-module DX/k. Then we
obtain an isomorphism of Ŝ(TX′/k)-algebras
(10.5.2) Ŝ(TX′/k)⊗S(TX′/k) DX/k
∼
−→ D̂X/k.
10.6. We consider the OX -algebra (PX)∨ (4.5) of hyper PD-differential operators of X relative to k. Recall
(9.22.1) that DX/k = lim−→n≥1(P
n
X)
∨. Then we have a canonical homomorphism of OX -algebras:
(10.6.1) DX/k → (PX)
∨.
For any integer n ≥ 0 and any open subscheme U of X , we define
(10.6.2) Fn(PX)(U) = {a ∈ PX(U)|u(a) = 0 ∀u ∈ Kn+1(U)}.
Then Fn(PX) is a left OX -submodule of PX . We set (F
n(PX))∨ = H omOX (F
n(PX),OX).
10.7. Suppose that there exists an étale k-morphism X → Adk = Spec(k[t1, · · · , td]). We take again the
notation of 9.22. The p-curvature morphism c′ sends ∂′i to ∂
p
i and the ideal K is generated by {∂
p
1 , · · · , ∂
p
d}
over DX/k. Then, any local section of D̂X/k can be written as an infinite sum:
(10.7.1)
∑
I∈Nd
aI∂
I with aI ∈ OX .
Since c′(∂′β) = ∂pβ for β ∈ Nd, the above section can be rewritten as
(10.7.2)
∑
α∈{0,··· ,p−1}d,β∈Nd
bα,β∂
α · c′(∂′β) with bα,β ∈ OX .
For any I, J ∈ Nd, the image of ∂I in (PX)∨ (10.6.1) satisfies ∂I(ξ[J]) = δI,J .
Lemma 10.8. (i) For any n ≥ 0, the sheaf Fn(PX) is a OZ-submodule of PX (10.2).
(ii) With the assumption and notation of 10.4, Fn(PX) is a free OZ-module with basis {ξ[pI], |I| ≤ n}.
Proof. (i) The question being local, we take again the assumption of 10.4. Since the ideal K is generated
by {∂p1 , · · · , ∂
p
d}, a local section a =
∑
I bIξ
[I] of PX is annihilated by K if and only if bI = 0 for all
I ∈ Nd−{0, · · · , p− 1}d. By 10.4(i), F0(PX) is equal to the subsheaf OZ of PX . Then the assertion follows.
(ii) The ideal Kn+1 is generated by the set of PD-differential operators {∂pI , |I| = n+1} over DX/k. Then
the assertion follows from 10.4(ii) and the duality between ∂I and ξ[I].
10.9. For any n ≥ 0, since Fn(PX) is locally a direct summand of PX , the canonical morphism (PX)∨ →
(Fn(PX))∨ is surjective. By (10.1.2), 10.4(i) and 10.8(ii), the homomorphism δ : PX → PX ⊗OX PX (10.1)
sends Fn(PX) to F
n(PX) ⊗OX F
n(PX). In view of (4.5), the OX -algebra (PX)∨ induces an OX -algebra
structure on (Fn(PX))∨.
Proposition 10.10 (Berthelot). (i) For any integer n ≥ 1, the homomorphism (10.6.1) induces a canonical
isomorphism of OX-algebras DX/k /Kn+1
∼
−→ (Fn(PX))∨.
(ii) the homomorphism (10.6.1) induces a canonical isomorphism of OX-algebras D̂X/k
∼
−→ (PX)∨.
Proof. (i) Since Kn+1 acts trivially on Fn(PX), we obtain a homomorphism DX/k /Kn+1 → (F
n(PX))∨.
In view of the local description of Kn+1 and of Fn(PX) (10.8(ii)), this homomorphism is an isomorphism.
(ii) We have a canonical isomorphism (PX)∨ = H omOX (lim−→n≥0 F
n(PX),OX) ≃ lim←−(F
n(PX))∨. Then
the assertion follows from (i).
10.11. In the following of this section, suppose that we are a smooth formal S -scheme X with special fiber
X . We put RX,1 = RX/pRX and QX,1 = QX/pQX (4.10). Recall that the left and the right OX -algebra
structures of RX,1 are equal (4.10). We denote by q1, q2 : QX,1 → X the canonical morphisms.
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Suppose that there exists an étale S -morphism X→ Âd
S
= Spf(W{T1, · · · , Td}). We set ti the image of
Ti in OX and ξi = 1 ⊗ ti − ti ⊗ 1. We take again the notation of 4.15 and of 4.16 and we denote by ζi the
element ξip of RX,1 and by ηi the element
ξp
i
p of QX,1. We have isomorphisms of OX -algebras (4.15, 4.16)
OX [x1, · · · , xd]
∼
−→ RX,1, xi 7→ ζi;(10.11.1)
OX [x1, · · · , xd, y1, · · · , yd]/(x
p
1, · · · , x
p
d)
∼
−→ qj∗(QX,1), xi 7→ ξi, yi 7→ ηi j = 1, 2.(10.11.2)
By 4.17, we have the following description of the Hopf algebra structures on RX,1 and QX,1

δ : RX,1 →RX,1 ⊗OX RX,1 ζi 7→ 1⊗ ζi + ζi ⊗ 1
σ : RX,1 → RX,1 ζi 7→ −ζi
π : RX,1 → OX ζi 7→ 0
(10.11.3)

δ : QX,1 → QX,1 ⊗OX QX,1 ξi 7→ 1⊗ ξi + ξi ⊗ 1
ηi 7→ 1⊗ ηi +
∑p−1
j=1
(p−1)!
j!(p−j)! ξ
j
i ⊗ ξ
p−j
i + ηi ⊗ 1
σ : QX,1 → QX,1 ξi 7→ −ξi, ηi 7→ −ηi
π : QX,1 → OX ξi 7→ 0, ηi 7→ 0
Proposition 10.12 ([33] 1.2.11). The Hopf OX-algebra RX,1 is canonically isomorphism to S(Ω1X/k) (9.1)
and the OX -algebra (RX,1)∨ (4.5) is canonically isomorphic to Γ̂(TX/k) (9.2).
Proof. There exists an open formal subscheme U of X2 such that diagonal morphism X → X2 factors
through by a closed immersion X → U. Let I (resp. I) be the ideal associated to the morphism X →
U (resp. X → U). Then the canonical morphism OU → OU induces an isomorphism of OX -modules
I /(I 2 + pOU)
∼
−→ I/I2.
We consider ORX as an OU-algebra of Uzar. Since RX is the dilatation of U with respect to I (4.10), the
image of the canonical OU-linear morphism α : I → ORX is contained in pORX . Note that RX is flat over
S . By dividing by p, we obtain an OX2 -linear morphism
(10.12.1) β : I → ORX x 7→
α(x)
p
.
With the notation of 10.11, β sends ξi to
ξi
p for all 1 ≤ i ≤ d. It is clear that β(I
2) ⊂ pORX . Then we
obtain an OX -linear morphism Ω1X/k →RX,1 and hence a homomorphism of OX -algebras
(10.12.2) S(Ω1X/k)→RX,1.
With the notation of 10.11, the above morphism sends dti to ζi and hence is an isomorphism by (10.11.1). By
9.1 and (10.11.3), it is compatible with Hopf algebra structures. The second assertion follows from (9.3.3).
10.13. In the following, we study the OX -algebra (QX,1)∨. Suppose first that there exists an S -morphism
F : X → X′ which lifts the relative Frobenius morphism FX/k of X . We denote by Y (resp. Z) the fiber
product of F 2 : X2 → X′2 and RX′ → X′2 (resp. the diagonal immersion X ′ → X′2) and by S the fiber
product of FX/k : X → X ′ and RX′,1 → X ′ (4.10). The morphism FX/k : X → X ′ and the diagonal
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immersion ∆ : X → X2 induce a closed immersion X →֒ Z. We have a commutative diagram:
(10.13.1) S

//

Y
❅
❅❅
❅❅
❅❅
❅
//

RX′,1

""❋
❋❋
❋❋
❋❋
❋
Y //

RX′

X // Z
  ❆
❆❆
❆❆
❆❆
// X ′
##●
●●
●●
●●
●●
X2
F 2 // X′2
where Y = Y1 is equal to RX′,1 ×X′ Z and the left square is Cartesian.
Let U be an open formal subscheme of X2 such that diagonal immersion X → X2 factors through a closed
immersion X → U and put U′ = U ×S ,σ S . Let I (resp. I ′) be the ideal associated to the diagonal
immersion X → U (resp. X ′ → U′). For any local section x of I , we have xp ∈ I ′OU. Since Z is defined
by I ′OU and X is reduced, the closed immersion X →֒ Z induces an isomorphism X
∼
−→ Z. Then, the
closed immersion Y → Y factors through S → Y . By the universal property of QX (3.12), we deduce an
X2-morphism
(10.13.2) ν : Y→ QX.
The composition QX → X2
F 2
−−→ X′2 induces a morphism of formal groupoids above F (6.9.1):
(10.13.3) ψ : QX → RX′ .
By (10.13.1) and the universal property of RX′ (3.12), we deduce that the composition ψ◦ν : Y→ QX → RX′
is the canonical morphism
(10.13.4) Y = RX′ ×X′2 X2 → RX′ .
10.14. Keep the assumption and notation of 10.13. The morphism ν (10.13.2) induces a morphism S → QX,1
which makes the following diagram commutes
(10.14.1) S //

QX,1
ψ1 //

RX′,1

X
""❉
❉❉
❉❉
❉❉
❉
// X ′

X2 // X ′2.
Let u be the canonical morphism S → X . Since RX′,1 → X ′ is affine, we have an isomorphism F ∗X/k(RX′,1)
∼
−→
u∗(OS) ([24] 9.3.2). Then the morphism S → QX,1 induces an OX -bilinear homomorphism
(10.14.2) v : QX,1 → F ∗X/k(RX′,1).
The morphism ψ1 induces a homomorphism of Hopf algebras sF : RX′,1 → FX/k∗(QX,1) (4.3). By
adjunction, we obtain a homomorphism of OX -algebras
(10.14.3) s♯F : F
∗
X/k(RX′,1)→ QX,1
for the left OX -algebra structure on QX,1. Then the composition v ◦ sF is the identical homomorphism.
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10.15. Recall that we have a canonical morphism of formal X-groupoids PX → QX (5.17.1). Then we obtain
a homomorphism of Hopf OX -algebras (4.3):
(10.15.1) u : QX,1 → PX .
By taking duals (4.5 and 10.10(ii)), the above homomorphism induces a homomorphism of OX -algebras
(10.15.2) u∨ : D̂X/k → (QX,1)
∨.
Lemma 10.16 ([33] 1.2.13). Keep the assumption and notation of 10.11 and of 10.13.
(i) The homomorphism u : QX,1 → PX sends ξi to ξi and ηi to −ξ
[p]
i (10.1.1).
(ii) The homomorphism v : QX,1 → F ∗X/k(RX′,1) sends ξi to 0 and ηi to F
∗
X/k(ζ
′
i).
Proof. (i) The first result is clear. In OPX , we have ξ
p
i = p(p− 1)!ξ
[p]
i . Since (p− 1)! ≡ −1(modp), we see
that u(ηi) = −ξ
[p]
i .
(ii) The question being local, we can suppose that X is separated. Let I be the ideal associated to the
diagonal immersion X → X2. By (10.13.1), we have I OS = 0. In particular, ξi is sent to 0 in Γ(S,OS). In
QX, we have:
ξp
i
p =
1⊗tp
i
−tp
i
⊗1
p +
∑p−1
l=1 (−1)
l (p−1)!
l!(p−l)! t
l
i ⊗ t
p−l
i p ≥ 3;
ξ2i
2 =
1⊗t2i−t
2
i⊗1
2 + (−ti ⊗ ti + t
2
i ⊗ 1) p = 2.
Since I OS = 0, the image of tli ⊗ t
p−l
i − t
p−l
i ⊗ t
l
i in Γ(S,OS) is zero. Then v(ηi) is equal to the image
of (1 ⊗ tpi − t
p
i ⊗ 1)/p in Γ(S,OS). On the other hand, there exists a local section a of OX such that
F ∗(t′i) = t
p
i + pa. If we denote the morphism Y→ RX′ by f , then we have
(10.16.1) f∗(ξ′i/p) = (1⊗ t
p
i − t
p
i ⊗ 1)/p+ 1⊗ a− a⊗ 1.
Then we see that the image f∗(ξ′i/p) in Γ(S,OS) is equal to v(ηi). The assertion follows.
10.17. In view of 10.16(ii), the homomorphism v (10.14.2) is independent of the choice of the lifting F :
X→ X′ of FX/k. Then, we obtain an OX -bilinear homomorphism
(10.17.1) v : QX,1 → F ∗X/k(RX′,1)
for a general smooth formal S -scheme X even if the relative Frobenius morphism cannot be lifted over
S . By (10.11.3) and 10.16(ii), v is compatible with Hopf OX -algebras structures. By taking OX -duals, we
obtain a homomorphism of OX -algebras (9.4.2, 10.12)
(10.17.2) v∨ : F ∗X/k(Γ̂(TX′/k))→ (QX,1)
∨.
Lemma 10.18 ([33] 1.2.14). Let σ : F ∗X/k(RX,1)→ F
∗
X/k(RX,1) be the involution homomorphism defined in
(10.11.3).
(i) The restriction of u∨ and (σ ◦ v)∨ to F−1X/k(Ŝ(TX′/k)) coincide.
(ii) The images of any local sections of u∨(D̂X/k) and of (σ ◦ v)∨(F
−1
X/k(Γ̂(TX′/k))) commute in (QX,1)
∨.
Proof. The questions being local, we take again the assumption and notation of 10.11. Let ∂i ∈ TX/k(X)
(resp. ∂′i ∈ TX′/k(X
′)) be the dual of dti (resp. dt′i).
(i) We identify dt′i and ζ
′
i via the isomorphism S(Ω
1
X′/k)
∼
−→ RX′,1 (10.12). It follows from 10.16 that the
OX -linear morphism (σ ◦ v)∨(F ∗X/k(∂
′
j)) : QX,1 → OX is given by
ξi 7→ 0, ηi 7→ 〈−dt′i, ∂
′
j〉 = −δij .
On the other hand, we consider ∂i as a hyper PD-differential operator. The p-curvature morphism
c′ : TX′/k → FX/k∗(DX/k) sends ∂′i to ∂
p
i . Therefore the OX -linear morphism u
∨(F ∗X/k(∂
′
j)) : QX,1 → OX is
given by (10.7)
ξi 7→ 〈ξi, ∂
p
j 〉 = 0, ηi 7→ 〈−ξ
[p]
i , ∂
p
j 〉 = −δij .
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Then the assertion follows.
(ii) By (i) and the fact that F−1X/k(OX′) is contained in the center of DX/k, the images of any local
sections of u∨(D̂X/k) and of (σ ◦ v)∨(F
−1
X/k(OX′)) commute in (QX,1)
∨. For any α = (α1, · · · , αd) ∈ Nd,
we set ∂α =
∏d
i=1 ∂
αi
i and we consider it as a hyper PD-differential operator. By (i), we have u
∨(∂pα) =
(σ ◦ v)∨(F ∗X/k(∂
′α)) = 0 if one of the component αi of α is ≥ p. Then by (10.7.1), it suffices to check that
u∨(∂α) and (σ ◦ v)∨(F ∗X/k(∂
′[β])) are commutative for all α, β ∈ Nd. Since u and v are OX -bilinear, the
product u∨(∂α) · (σ ◦ v)∨(F ∗X/k(∂
′[β])) is equal to the composition:
(10.18.1) g : QX,1
δ
−→ QX,1 ⊗OX QX,1
u⊗(σ◦v)
−−−−−→ PX ⊗OX F
∗
X/k(RX,1)
∂α⊗F∗X/k(∂
′[β])
−−−−−−−−−−→ OX .
Similarly, the product (σ ◦ v)∨(∂′[β]) · u∨(∂α) is equal to the composition:
(10.18.2) h : QX,1
δ
−→ QX,1 ⊗OX QX,1
(σ◦v)⊗u
−−−−−→ F ∗X/k(RX,1)⊗OX PX
F∗X/k(∂
′[β])⊗∂α
−−−−−−−−−−→ OX .
Since {ξIηJ |I ∈ {0, 1, · · · , p− 1}d, J ∈ Nd} is a basis of the left OX -module QX,1, and g, h are OX -linear,
it suffices to whow that g(ξIηJ) = h(ξIηJ). By (10.11.3), we have
(10.18.3) δ(ξIηJ) =
d∏
l=1
(1 ⊗ ξl + ξl ⊗ 1)il(1⊗ ηl +
p−1∑
m=1
(p− 1)!
m!(p−m)!
ξml ⊗ ξ
p−m
l + ηl ⊗ 1)
jl .
We write the right hand side simply by (1⊗ ξ + ξ ⊗ 1)I(1⊗ η +
∑p−1
m=1
(p−1)!
m!(p−m)!ξ
m ⊗ ξp−m + η ⊗ 1)J . Then
we have (
(u ⊗ (σ ◦ v)) ◦ δ
)
(ξIηJ)
= (u ⊗ (σ ◦ v))
(
(1⊗ ξ + ξ ⊗ 1)I(1⊗ η +
p−1∑
m=1
(p− 1)!
m!(p−m)!
ξm ⊗ ξp−m + η ⊗ 1)J
)
(10.18.3)
= (ξI ⊗ 1)(−1⊗ F ∗X/k(ζ
′)− ξ[p] ⊗ 1)J (10.11.3, 10.16)
= (−1)|J|
∑
K∈Nd,K≤J
J !
K!(J −K)!
ξI(ξ[p])K ⊗ F ∗X/k(ζ
′)J−K .
Since 〈∂′[β], ζ′J 〉 = δβ,J , we have (10.18.1)
(10.18.4) g(ξIηJ) =
{
(−1)|J| J!β!(J−β)!〈∂
α, ξI(ξ[p])J−β〉 if β ≤ J,
0 otherwise.
A similar calculation shows that g(ξIηJ) is equal to h(ξIηJ). Then the assertion follows.
Proposition 10.19 ([33] 1.2.12). The homomorphisms (σ◦v)∨ and u∨ induce an isomorphism of F ∗X/k(Γ̂(TX′/k))-
algebras (9.25)
(10.19.1) DγX/k
∼
−→ (QX,1)∨.
Proof. By 10.18, we obtain a canonical homomorphism of F ∗X/k(Γ̂(TX′/k))-algebras
(10.19.2) w : D̂X/k ⊗F−1
X/k
(̂S(TX′/k))
F−1X/k(Γ̂(TX′/k))→ (QX,1)
∨.
By (10.5.2), the left hand side is isomorphic to DγX/k. We show that w is an isomorphism. The question
being local, we may assume that there exists an étale morphism X → Âd
S
. We take again the notation of
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10.18. By (10.7.2) and 10.18, a local section of DγX/k can be written as an infinite sum:
(10.19.3)
∑
α∈{0,1,··· ,p−1}d,β∈Nd
cα,β
∂α
α!
⊗ F ∗X/k(∂
′[β])
with coefficients cα,β ∈ OX . By (10.18.4) and 〈∂α, ξ[I]〉 = δα,I , we have
(10.19.4) w
(
∂α
α!
⊗ F ∗X/k(∂
′[β])
)
(ξIηJ) = (−1)|J|δα,Iδβ,J .
Since {ξIηJ , I ∈ {0, · · · , p− 1}d, J ∈ Nd} form a basis for the left OX -module QX,1, we deduce that w is an
isomorphism.
Proposition 10.20 ([33] 1.2.9). Let X be a smooth formal S -scheme, X its special fiber. There exists a
canonical equivalence of tensor categories between HIGqnγ (X/k) (9.20) (resp. MIC
qn
γ (X/k) (9.26)) and the
category of OX -modules with RX-stratification (resp. QX-stratification) (4.12, 5.5).
Proof. We recall here the main construction of the equivalence, refering to ([33] pages 18-20) for details.
Let (M, ε) be an OX -module with RX-stratification and θ : M → M ⊗OX RX,1 the OX -linear morphism
defined by θ(m) = ε(1⊗m) (5.7). By 10.12 and 5.9, we deduce a Γ̂(TX/k)-module structure on M :
(10.20.1) ψ : Γ̂(TX/k)⊗OX M →M.
To show that ψ is quasi-nilpotent, we suppose that there exists an étale S -morphism X → Âd
S
. We take
again notation of 10.11. For any I ∈ Nd, we set ∂[I] =
∏d
j=1 ∂
[ij ]
j ∈ Γ̂(TX/k). The action of ∂
[I] on M is
given by the composition
(10.20.2) ψ∂[I] : M
θ // M ⊗OX RX,1
id⊗∂[I]// M .
Since RX,1 is isomorphic to a polynomial algebra over OX (10.11), for any local section m of M and any
point x of X , there exists a neighborhood U of x such that θ(m)|U is a section of M(U) ⊗OX(U) RX,1(U)
and can be written as a finite sum:
(10.20.3) ε(1⊗m) = θ(m) =
∑
I∈Nd
ψ∂[I](m)⊗ ζ
I .
Hence, (M,ψ) is quasi-nilpotent (9.2).
Let (M, ε) be an OX -module with QX-stratification and θ :M →M ⊗OX QX,1 the morphism induced by
ε. By 10.19 and 5.9, we associate to it a DγX/k-module (M,∇, ψ) (9.25). We take again the assumption and
notation of the proof of 10.19. For I ∈ {0, · · · , p−1}d, J ∈ Nd, the action of the local section ∂I⊗F ∗X/k(∂
′[J])
of DγX/k on M is given by the composition
(10.20.4) ∇∂I ◦ ψ∂′[J] : M
θ // M ⊗OX QX,1
id⊗w(∂I⊗F∗X/k(∂
′[J]))
//M
Since QX,1 is of finite type over a polynomial algebra over OX (10.11), for any local section m of M and any
point x of X , there exists a neighborhood U of x such that θ(m)|U is a section of M(U) ⊗OX(U) QX,1(U)
and can be written as a finite sum (10.19.4)
(10.20.5) ε(1⊗m) = θ(m) =
∑
I∈{0,··· ,p−1}d,J∈Nd
(−1)|J|
1
I!
(∇∂I ◦ ψ∂′[J])(m)⊗ ξ
IηJ .
Hence (M,∇, ψ) is quasi-nilpotent (9.26).
LIFTING THE CARTIER TRANSFORM OF OGUS-VOLOGODSKY MODULO pn 65
Corollary 10.21. Let X be a smooth formal S -scheme, X its special fiber, E˜ and E˜ the Oyama topoi of
X (7.10) and OE ,1, OE ,1 the p-torsion structure rings of E˜ and E˜ respectively (8.1). We denote by C (OE ,1)
(resp. C (OE ,1)) the category of crystals of OE ,1-modules of E˜ (resp. OE ,1-modules of E˜ ) (8.5). Then, we
have equivalences of tensor categories
(10.21.1) HIGqnγ (X/k) ≃ C (OE ,1), MIC
qn
γ (X/k) ≃ C (OE ,1).
Moreover, the above equivalence is compatible with localisation with respect to U (7.30).
The equivalences follows from 8.18 and 10.20. The compatibility with localisation follows from 8.19(i).
Note that the equivalences of categories (10.21.1) depend on the formal model X of X .
Corollary 10.22 (8.21, 9.29(iii)). Let CX/S : E˜ → E˜ ′ be the morphism of topoi associated to X (8.2.2),
M ′ a crystal of OE ′,1-modules of E˜ ′ (8.5), (M ′, θ) the associated Γ̂(TX′/k)-module (10.21) and (∇, ψ) the
DγX/k-module structure on (C
∗
X/S (M
′))(X,X). Then a lifting F : X→ X′ of the relative Frobenius morphism
FX/k of X induces a functorial isomorphism of F
∗
X/k(Γ̂(TX′/k))-modules:
(10.22.1) ηF : ι∗(F ∗X/k(M
′, θ)) ∼−→ ((C∗X/S (M
′))(X,X), ψ)
where ι denotes the involution homomorphism F ∗X/k(Γ̂(TX′/k))→ F
∗
X/k(Γ̂(TX′/k)) (9.28.2).
Proof. We take again the notation of 10.14. By 4.6, 10.12 and 10.19, the homomorphism s♯F (10.14.3)
induces a homomorphism of OX -algebras:
(10.22.2) (s♯F )
∨ : DγX/k → F
∗
X/k(Γ̂(TX′/k)).
Since the composition v ◦ s♯F is the identity (10.14), the composition (10.17.2)
(10.22.3) F ∗X/k(Γ̂(TX′/k))
(σ◦v)∨
−−−−→ DγX/k
(s♯
F
)∨
−−−−→ F ∗X/k(Γ̂(TX′/k)).
is the involution homomorphism ι : F ∗X/k(Γ̂(TX′/k))→ F
∗
X/k(Γ̂(TX′/k)) (9.28.2).
Let ε be the associated RX′-stratification on M ′. Recall 8.21 that the morphism F induces a functorial
isomorphism of OX -modules compatible with QX-stratifications:
(10.22.4) ηF : (F ∗X/k(M
′), s∗F (ε))
∼
−→ (C∗X/S (M
′))(X,X).
In view of 10.20, the associated DγX/k-module structure on F
∗
X/k(M
′) in the left hand side is give by F ∗X/k(θ)
via (s♯F )
∨ that we denote by (∇F , ψF ). Then we obtain a functorial isomorphism of D
γ
X/k-modules
(10.22.5) ηF : (F ∗X/k(M
′),∇F , ψF )
∼
−→ (C∗X/S (M
′))(X,X).
In view of (10.22.3), we have an equality of F ∗X/k(Γ̂(TX′/k))-modules
(10.22.6) (F ∗X/k(M
′), ψF ) = ι∗(F ∗X/k(M
′, θ)).
This concludes the proof.
11. Comparison with the Cartier transform of Ogus–Vologodsky
In this section, X denotes a smooth formal S -scheme, X its special fiber and TX/k the OX -dual of the
OX -module of differential forms Ω1X/k. We set X
′ = X⊗S ,σ S .
11.1. Let E˜ and E˜ be the Oyama topoi of X (7.10) and OE ,1, OE ,1 the p-torsion structure rings of E˜ and
E˜ respectively (8.1). We use the conventions and notation of § 7-8. If we use a gothic letter T to denote an
adic formal S -scheme, the corresponding roman letter T will denote its special fiber T⊗W k. A morphism
g : (U1,T1, u1)→ (U2,T2, u2) of E (resp. E ) induces a morphism of ringed topoi (8.3.1)
(11.1.1) g˜s : (U1, u1∗(OT1))→ (U2, u2∗(OT2)).
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11.2. Let v : E˜ → Xzar (resp. v : E˜ → Xzar) be the morphism of topoi defined in 7.27. Its inverse image
functor is induced by the composition with the functor
E (resp. E )→ Zar/X , (U,T) 7→ U.
For any object (U,T, u) of E , the morphism u : T → U induces a canonical, functorial homomorphism
(11.2.1) v∗(OX)(U,T, u) = OX(U)→ OE ,1(U,T, u) = u∗(OT )(U).
Then the morphism of topoi v : E˜ → Xzar underlies a morphism of ringed topoi
(11.2.2) ν : (E˜ ,OE ,1)→ (Xzar,OX).
For any object (U,T, u) of E , we have a morphism u′ ◦ fT/k : T → U ′ (7.4.1) and hence a canonical,
functorial homomorphism
(11.2.3) v∗(F ∗X/k(OX′))(U,T, u) = OX′(U
′)→ OE ,1(U,T, u) = (u′ ◦ fT/k)∗(OT )(U
′).
The composition of morphisms FX/k ◦ v : E˜ → Xzar → X ′zar underlies a morphism of ringed topoi
(11.2.4) µ : (E˜ ,OE ,1)→ (X ′zar,OX′).
By (7.27.3), the morphisms µ and ν′ fit into a commutative diagram
(11.2.5) (E˜ ,OE ,1)
CX/S //
µ
&&▼▼
▼▼
▼▼
▼▼
▼▼
▼
(E˜ ′,OE ′,1)
ν′xx♣♣♣
♣♣
♣♣
♣♣
♣♣
(X ′zar,OX′)
11.3. Let M be an OX -module and M = ν∗(M) (11.2.2). For any object (U,T, u) of E , we set u˜∗(M) =
M |U ⊗OU u∗(OT ). Recall (7.27) that we have (v
∗(M))(U,T) = M |U . In view of 7.11 and (11.2.1), we deduce
that M(U,T,u) = u˜∗(M). For any morphism g : (U1,T1, u1) → (U2,T2, u2) of E , in view of (7.27.4), the
transition morphism cg : g˜∗s(M(U2,T2))→ M(U1,T1) is the canonical isomorphism (11.1.1)
(11.3.1) g˜∗s(u˜
∗
2(M))
∼
−→ u˜∗1(M).
Hence M is a crystal of OE ,1-modules of E˜ . If M is moreover quasi-coherent, then so is M (8.5). In this
case, for any object (U,T, u) of E , the OT -module M(U,T) of Tzar (8.11) is u∗(M |U ).
Lemma 11.4. Under the assumption of 11.3, the Γ̂(TX/k)-module associated to M (10.21) is the OX-module
M equipped with the zero PD-Higgs field (9.20).
Proof. The underlying OX -module is M(X,X) = M . The reduction modulo p of the two canonical
morphisms q1, q2 : RX → X are equal. By (11.3.1), the RX-stratification on M associated to M (8.18)
ε : q˜∗2,s(M)
∼
−→ q˜∗1,s(M)
is the identity morphism. In view of (10.20.2) and (10.20.3), the PD-Higgs field associated to ε is zero.
Lemma 11.5. Let M ′ be an OX′-module and M = µ∗(M ′). Then M is a crystal of OE ,1-modules of E˜ and
the DX/k-module associated to M is (F ∗X/k(M
′),∇can, 0) (10.21), where ∇can denotes the Frobenius descent
connection on F ∗X/k(M
′) (6.5.1).
Proof. We set M ′ = ν′∗(M ′) (11.2.5). Then M = C∗X/S (M
′) is a crystal by 11.3. For any object (U,T, u)
of E , we put φT/k = u′ ◦ fT/k : T → T
′ → U ′. Then we have ρ(U,T, u) = (U ′,T, φT/k) (7.4.2) and (7.21.4)
(11.5.1) C∗X/S (M
′)(U,T,u) = πU∗(M
′
(U ′,T,φT/k)
) = πU∗(φ˜∗T/k(M
′)).
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The morphism φX/k associated to the object (X,X) of E is FX/k. Then we have M(X,X) = F ∗X/k(M
′). There
exists a commutative diagram
(11.5.2) QX,1
q2 //
q1

φQX,1/k
''PP
PP
PP
PP
PP
PP
PP
X
FX/k

X
FX/k // X ′
The morphisms q1, q2 : (X,QX)→ (X,X) of E induce isomorphisms (11.3.1, 11.5.1)
(11.5.3) cq1 : q˜
∗
1,s(F
∗
X/k(M
′)) ∼−→ πX∗(φ˜∗QX,1/k(M
′)), cq2 : q˜
∗
2,s(F
∗
X/k(M
′)) ∼−→ πX∗(φ˜∗QX,1/k(M
′)).
The QX-stratification ε on F ∗X/k(M
′) associated to the crystal M (8.18) is given by the composition of cq2
and the inverse of cq1 . In view of (11.5.2), for any local section m
′ of M ′, we have
(11.5.4) ε(1⊗ F ∗X/k(m
′)) = F ∗X/k(m
′)⊗ 1.
Let (F ∗X/k(M
′),∇, ψ) be the DγX/k-module associated to (F
∗
X/k(M
′), ε) (10.20). In view of (11.5.4), (10.20.4)
and (10.20.5), we deduce that ∇ and ψ annihilate the subsheaf F−1X/k(M
′) of F ∗X/k(M
′). Hence ∇ is the
Frobenius descent connection and ψ = 0.
Corollary 11.6. Let Mod(OX′) be the category of OX′-modules and let λ be the functor
(11.6.1) λ :Mod(OX′)→ MIC0γ(X/k) M
′ 7→ (F ∗X/k(M
′),∇can, 0)
where MIC0γ(X/k) denotes the category of nilpotent D
γ
X/k-modules of level ≤ 0 (9.26). Then, the following
diagram is commutative up to a canonical isomorphism
(11.6.2) Mod(OX′)
λ //
ν′∗

MIC0γ(X/k)

C (OE ′,1)
C∗X/S // C (OE ,1)
where the right vertical arrow is given by (10.21).
It follows from (11.2.5), 11.4 and 11.5.
11.7. Let (U,T, u) be an object of E ,W an open subscheme of T andW2 the open subscheme of T2 associated
to W . We define RX,(U,T,u)(W ) to be the set of S2-morphisms W2 → X2 which make the following diagram
commutes
(11.7.1) W //
u|W

W2

U // X // X2
The functor W 7→ RX,(U,T,u)(W ) defines a sheaf of Tzar. Since X is smooth over S , such morphisms
exist locally. By deformation theory ([19] III 2.2.4), the sheaf RX,(U,T,u) is a torsor under the OT -module
H omOT2 (u
∗(Ω1U/k), pOT2)
∼
−→ u∗(TU/k) of Tzar.
11.8. Let g : (V,Z, v) → (U,T, u) be a morphism of E and gs : Z → T (resp. g2 : Z2 → T2) the reduction
of the morphism Z → T. For OT -modules, we will use the notation g−1s to denote the inverse image in the
sense of abelian sheaves and will keep the notation g∗s for the inverse image in the sense of modules. By
adjunction, the isomorphism g∗s(u
∗(TU/k))
∼
−→ v∗(TV/k) induces an OT -linear morphism:
τ : u∗(TU/k)→ gs∗(v
∗(TV/k)).
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We have a canonical τ -equivariant morphism RX,(U,T,u) → gs∗(RX,(V,Z,v)) of Tzar defined for every local
section h : W2 → X2 of RX,(U,T,u) by
(11.8.1) RX,(U,T,u) → gs∗(RX,(V,Z,v)) h 7→ h ◦ g2|g−12 (W2).
By adjunction, we obtain a g−1s (u
∗(TU/k))-equivariant morphism of Zzar:
(11.8.2) γg : g∗s(RX,(U,T,u))→ RX,(V,Z,v).
By ([17] III 1.4.6(iii)), we deduce a v∗(TV/k)-equivariant isomorphism of Zzar (9.8):
(11.8.3) g+s (RX,(U,T,u))
∼
−→ RX,(V,Z,v).
One verifies that the data {u∗(RX,(U,T,u)), γg} satisfy the compatibility conditions of 7.8. Then it defines
a sheaf of E˜ that we denote by RX (7.11). We set TX/k = ν∗(TX/k) (11.2.2, 11.4). In view of 11.7 and
(11.8.2), RX is a TX/k-torsor of E˜ .
Proposition 11.9. (i) There exists a quasi-coherent crystal FX of OE ,1-modules of E˜ such that:
(a) For every object (U,T, u) of E , FX,(U,T) (8.11) is the sheaf of affine functions on the u∗(TU/k)-torsor
RX,(U,T,u) of Tzar (9.5).
(b) For every morphism g : (V,Z) → (U,T) of E , any affine function l : RX,(U,T,u) → OT and any
section h ∈ RX,(U,T,u)(T ), the transition morphism cg : g∗s(FX,(U,T))
∼
−→ FX,(V,Z) (8.11) sends g∗s(l)
to an affine function l′ : RX,(V,Z,v) → OZ such that
(11.9.1) l′(h ◦ g2) = g∗s(l(h)) ∈ OZ .
(ii) We have an exact sequence of crystals (11.2.2):
(11.9.2) 0→ OE ,1 → FX → ν∗(Ω1X/k)→ 0.
Proof. (i) For any object (U,T, u) of E , we define FX,(U,T) as in (i). Recall (9.5.3) that we have an exact
sequence of OT -modules of Tzar
(11.9.3) 0→ OT
c
−→ FX,(U,T)
ω
−→ u∗(Ω1U/k)→ 0.
For any morphism g : (V,Z)→ (U,T) of E , by (9.8.4) and (11.8.3), we obtain an OZ -linear isomorphism
(11.9.4) cg : g∗s(FX,(U,T))
∼
−→ FX,(V,Z)
which fits into a commutative diagram (9.8.5)
(11.9.5) 0 // g∗s(OT ) //
≀

g∗s(FX,(U,T))
ω //
cg

g∗s(u
∗(Ω1U/k)) //
≀

0
0 // OZ // FX,(V,Z)
ω // v∗(Ω1V/k) // 0
In view of the compatibility conditions of γg (11.8.2) and ([2] II 4.15), the data {FX,(U,T), cg} satisfy the
compatibility conditions of 8.4. Hence, they define a quasi-coherent crystal of OE ,1-modules of E˜ that we
denote by FX. The equality (11.9.1) follows from (9.8.2) and (11.8.1).
The assertion (ii) follows from 11.3 and the diagram (11.9.5).
11.10. For any object (U,T) of E , {Sn(FX,(U,T))}n≥0 form an inductive system (9.5). We denote its inductive
limit by BX,(U,T) which is an OT -algebra of Tzar. Since the inverse image functor commutes with inductive
limits, for any morphism g : (V,Z) → (U,T) of E , the isomorphism cg (11.9.4) induces an isomorphism of
OZ -algebras
(11.10.1) bg : g∗s(BX,(U,T))
∼
−→ BX,(V,Z).
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Then the data {BX,(U,T), bg} defines a quasi-coherent crystal of OE ,1-algebras of E˜ (8.6) that we denote by
BX.
11.11. We set FX = FX,(X,X) and BX = BX,(X,X). Then we obtain an RX-stratification εF on FX (resp.
εB on BX) and a Γ̂(TX/k)-module structure ψF on FX (resp. ψB on BX).
On the other hand, FX being the sheaf of affine functions on the TX/k-torsor RX,(X,X), FX (resp. BX) is
equipped by 9.6 with a Γ̂(TX/k)-module structure that we denote by κF (resp. κB).
Recall that we have an exact sequence (11.9.3)
(11.11.1) 0→ OX → FX → Ω1X/k → 0.
The element idX2 : X2 → X2 of RX,(X,X)(X) induces a canonical splitting
(11.11.2) sid : FX
∼
−→ OX ⊕ Ω1X/k, l 7→ (l(id), ω(l)).
Then it induces an isomorphism of OX -algebras
(11.11.3) BX
∼
−→ S(Ω1X/k).
By 9.7, the isomorphism sid (11.11.2) (resp. (11.11.3)) is compatible with the action κF (resp. κB) and the
canonical action of Γ̂(TX/k) on OX ⊕ Ω1X/k (resp. S(Ω
1
X/k)) (9.3).
Proposition 11.12. Assume that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · , Td}). We
take again the notation of 10.11.
(i) If l is a section of FX such that ω(l) = 0 (11.11.2), then εF (1⊗ l) = l ⊗ 1.
(ii) For 1 ≤ i ≤ d, let li be the section of FX such that li(id) = 0 and ω(li) = dti. Then εF(1 ⊗ li) =
li ⊗ 1− 1⊗ ζi.
Proof. Assertion (i) follows from 11.4 and 11.9(ii).
(ii) We denote by qs : RX,1 → X the canonical morphism. The canonical morphisms q1,2, q2,2 : RX,2 →
X2 ∈ RX,(X,RX,qs)(RX,1) induce two splittings of FX,(X,RX) (11.9.3)
sq1 : qs∗(FX,(X,RX))
∼
−→ RX,1 ⊕ (RX,1 ⊗OX Ω
1
X/k) f 7→ (f(q1), ω(f))(11.12.1)
sq2 : qs∗(FX,(X,RX))
∼
−→ RX,1 ⊕ (RX,1 ⊗OX Ω
1
X/k) f 7→ (f(q2), ω(f)).(11.12.2)
We identify RX,1 ⊕ (RX,1 ⊗OX Ω
1
X/k) with RX,1 ⊗OX FX by idRX,1 ⊗sid (11.11.2). In view of (11.9.1) and
(11.9.5), the morphism sqi is inverse to qs∗(cqi) for i = 1, 2. Then, the RX-stratification ε on FX is given by
the composition of the inverse of sq2 and sq1 .
We denote by f the local section s−1q2 (1⊗li) of qs∗(FX,(X,RX)). Then we have f(q2) = 0 and ω(f) = 1⊗dti.
To show the assertion, it suffices to prove that f(q1) = −ζi ⊗ 1. The morphisms q1, q2 are induced by two
homomorphisms
(11.12.3) ι1 : OX2 →RX,2, ι2 : OX2 →RX,2
such that ι1 is equal to ι2 modulo p. Then they define a W2-derivation
(11.12.4) D = ι2 − ι1 : OX2 → pRX,2.
We denote by
(11.12.5) φ : RX,1 ⊗OX Ω
1
X/k → pRX,2
the RX,1-linear morphism associated to D. Then we have
φ(1 ⊗ dti) = 1⊗ ti − ti ⊗ 1 = p
(
ξi
p
)
∈ pRX,2.
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Identifying H omOX (RX,1 ⊗OX Ω
1
X/k, pRX,2)
∼
−→ RX,1 ⊗OX TX/k, we consider φ as a section of q
∗
s (TX/k).
Then we have q2 = q1 + φ ∈ RX,qs(RX,1) and we deduce that (9.5(ii))
f(q1) = f(q2 − φ)
= −ω(f)(φ)
= −ζi ⊗ 1
The proposition follows.
Corollary 11.13. The Γ̂(TX/k)-actions ψF and κF on FX (resp. ψB and κB on BX) satisfy ψF = ι∗(κF)
(resp. ψB = ι∗(κB)), where ι : Γ̂(TX/k)→ Γ̂(TX/k) denotes the involution homomorphism (9.28.2).
Proof. The question being local, we take again the assumptions and notation of 11.12. Let ∂i ∈ TX/k(X)
be the dual of dti. In view of (10.20.3) and 11.12(ii), the action of ψF ,∂i on FX sends li to −1. We equip
OX⊕Ω1X/k (resp. S(Ω
1
X/k)) with the canonical action of Γ̂(TX/k) (9.3). The isomorphism sid (11.11.2) (resp.
(11.11.3)) sends li to dti and induces an isomorphism of Γ̂(TX/k)-modules
(11.13.1) (FX, ψF)
∼
−→ ι∗(OX ⊕ Ω1X/k) (resp. ((BX, ψB)
∼
−→ ι∗(S(Ω1X/k))).
Then the assertion follows from 11.11.
Lemma 11.14. We denote by ε+R (resp. ε
−
R) the RX-stratification on RX,1 associated to the Γ̂(TX/k)-action
κB (resp. ψB) on BX via the isomorphisms of OX-algebras BX
∼
−→ S(Ω1X/k)
∼
−→ RX,1 (10.12, 11.11.3)
(i) For any local section r of RX,1, we have ε+R(1⊗ r) = δ(r) (10.11).
(ii) For any local section r of RX,1, we have ε−R(δ(r)) = r ⊗ 1.
Proof. The question being local, we take again the assumption and the notation of 11.12. Then for
1 ≤ i ≤ d, li is sent to ζi by the isomorphism BX
∼
−→ RX,1. Since ε+R, ε
−
R and δ are homomorphisms, it
suffices to verify the assertion for the local sections ζi. By 11.12(ii) and 11.13(i), we have
(11.14.1) ε−R(1⊗ ζi) = ζi ⊗ 1− 1⊗ ζi, ε
+
R(1⊗ ζi) = ζi ⊗ 1 + 1⊗ ζi
Then, the assertion (i) follows from 10.11. The assertion (ii) follows from the relations
ε−R(δ(ζi)) = ε
−
R(1⊗ ζi + ζi ⊗ 1) = (ζi ⊗ 1− 1⊗ ζi) + 1⊗ ζi = ζi ⊗ 1.
Proposition 11.15 ([33] 1.5.3). LetM be a quasi-nilpotent Γ̂(TX/k)-module, ε the associated RX-stratification
on M (10.20). We denote by M0 the underlying OX-module of M equipped with the Γ̂(TX/k)-module struc-
ture defined by the zero PD-Higgs field. Then the stratification ε : RX,1⊗OX M →M ⊗OX RX,1 induces two
isomorphisms of Γ̂(TX/k)-modules (9.21.2)
(i) (BX, ψB)⊗OX M0
∼
−→ M ⊗OX (BX, ψB),
(ii) (BX, ψB)⊗OX ι
∗(M) ∼−→ M0 ⊗OX (BX, ψB).
Proof. We take again the notation of 11.14. To simplify the notation, we write R for RX,1. The RX-
stratification on M0 is the identity morphism idR⊗M : R⊗OX M → R⊗OX M (cf. the proof of 11.4). We
denote by θ0 (resp. θ) the morphism M →M ⊗OX R defined by m 7→ m⊗ 1 (resp. m 7→ ε(1⊗m)) for every
local section m of M .
(i) Since the action ψB on BX is compatible with the ring structure of BX, it suffices to show that
θ : M0 → M ⊗ (BX, ψB) is Γ̂(TX/k)-equivariant. In view of (5.5.2), it suffices to prove that the following
diagram is commutative
(11.15.1) M
θ

θ0 // M ⊗OX R
θ⊗idR

M ⊗OX R
θ⊗idR // M ⊗OX R⊗OX R
idM ⊗ε
−
R// M ⊗OX R⊗OX R
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By condition (ii) of 5.7, the composition
(11.15.2) M θ // M ⊗OX R
θ⊗idR //M ⊗OX R⊗OX R
idM ⊗ε
−
R// M ⊗OX R⊗OX R.
in the above diagram is equal to the composition
(11.15.3) M θ // M ⊗OX R
idM ⊗δ//M ⊗OX R⊗OX R
idM ⊗ε
−
R// M ⊗OX R⊗OX R.
By 11.14(ii), the above composition is equal to the composition
(11.15.4) M θ0−→M ⊗OX R
θ⊗idR−−−−→M ⊗OX R⊗OX R.
The assertion follows.
(ii) By 11.13(i), it suffices to show that the morphism (BX, κ) ⊗OX M → M0 ⊗OX (BX, κB) is Γ̂(TX/k)-
equivariant. Similarly to (i), by (5.5.2), it suffices to prove that the following diagram is commutative
(11.15.5) M
θ

θ // M ⊗OX R
θ⊗idR

M ⊗OX R
θ0⊗idR// M ⊗OX R⊗OX R
idM ⊗ε
+
R// M ⊗OX R⊗OX R
By condition (ii) of 5.7, the composition
(11.15.6) M θ // M ⊗OX R
θ⊗idR // M ⊗OX R⊗OX R
in the above diagram is equal to the composition
(11.15.7) M θ // M ⊗OX R
idM ⊗δ// M ⊗OX R⊗OX R.
The assertion follows from 11.14(i).
11.16. Let CX/S : E˜ → E˜ ′ be the morphism of topoi (7.21.1). We put RX = C
∗
X/S (RX′) (11.8). For any
object (U,T, u) of E , we set φT/k = u′ ◦ fT/k : T → T
′ → U ′ so we have ρ(U,T, u) = (U ′,T, φT/k) (7.4.2).
By 7.21, the descent data of the sheaf RX of E˜ is {u∗(RX′,(U ′,T,φT/k)), γρ(g)} (7.8, 11.7, 11.8).
We put FX = C
∗
X/S (FX′) and BX = C
∗
X/S (BX′). For any object (U,T, u) of E , we have (8.11.2)
(11.16.1) FX,(U,T,u) = FX′,(U ′,T,φT/k), BX,(U,T,u) = BX′,(U ′,T,φT/k).
The linearised descent data of the quasi-coherent crystal of OE ,1-modules FX (resp. OE ,1-algebras BX) of
E˜ is {FX′,(U ′,T,φT/k), cρ(g)} (resp. {BX′,(U ′,T,φT/k), cρ(g)}) (7.21, 8.4, 11.9).
We set FX = FX,(X,X) and BX = BX,(X,X). By 10.21, these OX -modules are equipped with D
γ
X/k-module
structures that we denote by (∇F , ψF) (resp. (∇B, ψB)).
11.17. Let M ′ be a crystal of OE ′,1-modules of E˜ ′, (M ′, θ′M ) the associated Γ̂(TX′/k)-module, M
′
0 = ν
∗(M ′)
(11.3), N = C∗X/S (M
′) and (N,∇N , ψN ) the associated D
γ
X/k-module. By 10.21, 11.4 and 11.15(i), we
have an isomorphism of crystals of OE ′,1-modules of E˜ ′
(11.17.1) BX′ ⊗OE ′,1 M
′
0
∼
−→ M ′ ⊗OE ′,1 BX′ .
Applying C∗X/S , we obtain an isomorphism of crystals of OE ,1-modules of E˜ :
(11.17.2) BX ⊗OE ,1 C
∗
X/S (M
′
0)
∼
−→ N ⊗OE ,1 BX.
By 11.6, we deduce an isomorphism of DγX/k-modules
(11.17.3) λ : BX ⊗OX F
∗
X/k(M
′) ∼−→ N ⊗OX BX
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where the DγX/k-action on the left hand side is induced by (∇B, ψB) on BX and (∇can, 0) on F
∗
X/k(M
′) (9.27),
that we still denote by (∇B, ψB); and the D
γ
X/k-action on the right hand side is induced by (∇N , ψN ) on N
and (∇B, ψB), that we denote by (∇tot, ψtot).
The Γ̂(TX′/k)-module structures ψB on BX and θM ′ onM
′ define a Γ̂(TX′/k)-module structure on BX⊗OX′
M ′ (9.21), that we denote by θtot. On the other hand, the zero PD-Higgs field on N and the action of ψB
on BX define a Γ̂(TX′/k)-module structure on N ⊗OX BX, that we still denote by ψB.
Theorem 11.18. Let M ′ be a crystal of OE ′,1-modules of E˜ ′, (M ′, θ′M ) the associated Γ̂(TX′/k)-module,
N = C∗X/S (M
′) and (N,∇N , ψN ) the associated D
γ
X/k-module. Then, the isomorphism (11.17.3)
(11.18.1) λ : (BX ⊗OX′ M
′, (∇B, ψB), θtot)
∼
−→ (N ⊗OX BX, (∇tot, ψtot), ψB)
is compatible with the DγX/k-actions and the Γ̂(TX′/k)-actions defined on both sides in 11.17.
Proof. We only need to prove the compatibility of the Γ̂(TX′/k)-actions. Let ε′ : BX′ ⊗OX′ M
′ ∼−→
M ′ ⊗OX′ BX′ be the RX′ -stratification on M
′ (11.15), and ψB′ the Γ̂(TX′/k)-action on BX′ defined in 11.11.
The question is local. Since the Cartier transform is compatible with localisation (8.16.2), we can suppose
that there exists a lifting F : X → X′ of the relative Frobenius morphism FX/k of X . Then it induces a
morphism F : (X ′,X, FX/k) → (X ′,X′) of E ′. The isomorphisms (11.17.1), (11.17.2) and the transition
morphisms ηF associated to F (8.21.4) induce a commutative diagram
F ∗X/k((BX′ ⊗OE ′,1 M
′
0)(X′,X′))
∼ //
ηF

F ∗X/k((M
′ ⊗O
E ′,1
BX′)(X′,X′))
ηF

(BX ⊗OE ,1 C
∗
X/S (M
′
0))(X,X)
∼ // (N ⊗OE ,1 BX)(X,X)
Then we deduce a commutative diagram
(11.18.2) F ∗X/k(BX′ ⊗OX′ M
′)
F∗X/k(ε
′)
//
ηF

F ∗X/k(M
′ ⊗OX′ BX′)
ηF

BX ⊗OX′ M
′ λ // N ⊗OX BX
By 10.22, the isomorphism ηF : F ∗X/k(BX′)
∼
−→ BX underlies an isomorphism of F
∗
X/k(Γ̂(TX′/k))-modules
(11.18.3) F ∗X/k(BX′ , ι
∗(ψB′))
∼
−→ (BX, ψB).
By 11.15(ii), the isomorphism F ∗X/k(ε
′) is compatible with actions of F ∗X/k(Γ̂(TX′/k)):
(11.18.4) F ∗X/k(ε
′) : F ∗X/k(BX′ ⊗OX′ M
′, ψB′ ⊗ id+ id⊗ι∗(θM ′))
∼
−→ F ∗X/k(M
′ ⊗OX′ BX′ , id⊗ψB′).
Then the assertion follows from (11.18.2), (11.18.3) and (11.18.4).
Remark 11.19. The above theorem is an analogue of a result of Ogus–Vologodsky ([32], 2.23).
Lemma 11.20. Keep the notation of 11.17.
(i) The actions (∇B, ψB) of D
γ
X/k and θtot of Γ̂(TX′/k) on BX ⊗OX′ M
′ commute with each other.
(ii) The actions (∇tot, ψtot) of D
γ
X/k and ψB of Γ̂(TX′/k) on N ⊗OX BX commute with each other.
Proof. (i) By the formula (9.21.1), one verifies that the action ψB of Γ̂(TX′/k) ⊂ D
γ
X/k and the action θtot
of Γ̂(TX′/k) on BX ⊗OX′ M
′ commute with each other. For any local sections D of TX/k, ξ′ of Γ̂(TX′/k), b
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of BX and m of M
′, by 9.21.1, we have
∇B,D(θtot,ξ′(b⊗m)) = ∇B,D(ψB,ξ′(b))⊗m+∇B,D(b)⊗ θM ′,ξ′(m)
= ψB,ξ′(∇B,D(b))⊗m+∇B,D(b)⊗ θM ′,ξ′(m)
= θtot,ξ′(∇B,D(b ⊗m))
Since DγX/k is generated by TX/k and Γ̂(TX′/k), the assertion follows.
The assertion (ii) follows from (i) and 11.18.
11.21. Let (H, θ) (resp. (H,∇, ψ)) be a Γ̂(TX/k)-module (resp. a D
γ
X/k-module). We define its Γ̂(TX/k)
invariants (resp. DγX/k invariants) by
(11.21.1) Hθ = H om
Γ̂(TX/k)
((OX , 0), H) (resp. H(∇,ψ) = H omDγ
X/k
((OX , d, 0), H)).
Lemma 11.22. Keep the notation of 11.17 and suppose that M ′ is quasi-coherent. The canonical homo-
morphism of crystals OE ,1 → BX induces an isomorphism of OX -modules (resp. OX′-modules)
N
∼
−→ (N ⊗OX BX)
ψB , (resp. M ′ ∼−→ (BX ⊗OX′ M
′)(∇B,ψB)).
Proof. The assertion in lemma being local, we may assume that there exists a lifting F : X → X′ of the
relative Frobenius morphism FX/k of X . By 10.22 and (11.13.1), we have isomorphisms of F ∗X/k(Γ̂(TX′/k))-
modules
ηF : F ∗X/k(BX′ ⊗OX′ M
′, ι∗(ψB′)⊗ id)
∼
−→ (N ⊗OX BX, ψB)
S(Ω1X/k)⊗OX F
∗
X/k(M
′) ∼−→ F ∗X/k(BX′ ⊗OX′ M
′, ι∗(ψB′)⊗ id)
where S(Ω1X/k) is equipped with the canonical action of Γ̂(TX/k). A local section u of S(Ω
1
X/k)⊗OX F
∗
X/k(M
′)
can be written as a finite sum
(11.22.1) u =
m∑
i=0
ωi ⊗ ui
with ui ∈ F ∗X/k(M
′) and ωi ∈ Si(Ω). In view of the perfect pairing Γi(TX/k) ⊗OX S
i(Ω1X/k) → OX (9.3.1)
for i ≥ 1, the action of Γ̂(TX/k) on u is trivial if and only if ui = 0 for i ≥ 1, i.e. u belongs to the submodule
F ∗X/k(M
′) of F ∗X/k(M
′)⊗OX S(Ω). The first isomorphism follows.
Equipped with the Frobenius descent connection∇can on F ∗X/k(M
′), we have an injection of DγX/k-modules
(F ∗X/k(M
′),∇can, 0)→ (BX ⊗OX′ M
′,∇B, ψB) and a canonical OX′ -linear isomorphism ([21] 5.1)
(11.22.2) M ′ ∼−→ F ∗X/k(M
′)(∇can,0).
In view of the first isomorphism, we deduce that (BX⊗OX′ M
′)(∇B,ψB) is contained in the image of F ∗X/k(M
′)
in BX ⊗OX′ M
′. Then the second isomorphism follows from (11.22.2).
Proposition 11.23. Keep the notation of 11.17 and suppose that M ′ is quasi-coherent. The isomorphism
(11.18.1) induces
(i) a canonical isomorphism of DγX/k-modules
(BX ⊗OX′ M
′,∇B, ψB)θtot
∼
−→ (N,∇N , ψN );
(ii) a canonical isomorphism of Γ̂(TX′/k)-modules
(M ′, θM ′)
∼
−→ (N ⊗OX BX, ψB)
(∇tot,ψtot).
Proof. By taking Γ̂(TX′/k) invariants (resp. D
γ
X/k invariants) (11.21) for the isomorphism (11.18.1),
assertion (i) (resp. (ii)) follows from 11.20 and 11.22.
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11.24. The OX -module FX is the sheaf of affine functions on the F
∗
X/k(TX′/k)-torsor RX′,(X′,X,FX/k) ofXzar.
By 9.6 and (9.4.2), the OX -module FX (resp. OX -algebra BX) is equipped with a F
∗
X/k(Γ̂(TX′/k))-module
structure that we denote by ϑF (resp. ϑB).
Lemma 11.25 (cf. 9.18). The two F ∗X/k(Γ̂(TX′/k))-module structures ψF and ϑF on FX (11.16) (resp. ψB
and ϑF on BX) coincide.
Proof. It suffices to show the assertion for FX. We have FX = FX′,(X′,X,FX/k).
The question being local, we can reduce to case where there exists an S -morphism F : X → X′ which
lifts the relative Frobenius morphism FX/k of X . Then we obtain a morphism F : (X ′,X, FX/k)→ (X ′,X′)
of E ′ and an isomorphism (11.9.4)
(11.25.1) ηF : F ∗X/k(FX′)
∼
−→ FX.
Let ψF ′ be the Γ̂(TX′/k)-module structure on FX′ induced by the crystal FX′ . By 10.22, the isomorphism
ηF : F ∗X/k(FX′)
∼
−→ FX underlies an isomorphism of F
∗
X/k(Γ̂(TX′/k))-modules
(11.25.2) ηF : F ∗X/k(FX′ , ι
∗(ψF ′))
∼
−→ (FX, ψF).
On the other hand, regarding FX′ as a sheaf of affine functions, the Γ̂(TX′/k)-action on FX′ defined in
9.6 is equal to ι∗(ψF ′) (11.13). By 9.8, ηF induces an isomorphism of F ∗X/k(Γ̂(TX′/k))-modules
(11.25.3) ηF : F ∗X/k(FX′ , ι
∗(ψF ′))
∼
−→ (FX, ϑF ).
The assertion follows.
11.26. In the following, we compare the Cartier transform C∗X/S and the Cartier transform of Ogus–
Vologodsky (9.29). Let Crys(X/k) (resp. (X/k)crys) be the crystalline site (resp. topos) of X over k with
the PD-ideal 0. Using the W2-lifting X′2 of X
′, Ogus and Vologodsky constructed a torsor LX′2 of (X/k)crys
(9.16). We denote by FX′2 the crystal of affine functions on LX′2 of (X/k)crys and by AX′2 the quasi-coherent
crystal of OX/k-algebras associated to FX′2 (9.17). We put FX′2 = FX′2,(X,X) and AX′2 = AX′2,(X,X) which
are equipped with DX/k-module structures. Moreover, this DX/k-module structure extends to a D
γ
X/k-
module strucutre on AX′2 (9.28). The D
γ
X/k-module (AX′2)
∨ = H omOX (AX′2 ,OX) is a splitting module
for the Azumaya algebra FX/k∗(D
γ
X/k) over Γ̂(TX′/k) (9.29(i)). Then one deduces an equivalence of tensor
categories (9.29(ii))
(11.26.1) CX′2 : MIC
qn
γ (X/k)
∼
−→ HIGqnγ (X
′/k), N 7→ ι∗(H omDγ
X/k
((AX′2)
∨, N)).
11.27. Let (U, T, δ) be an object of Crys(X/k) such that there exists a flat formal S -scheme T with special
fiber T . Recall (9.12) that the morphism U → T induces an isomorphism U ∼−→ T . Then we obtain an
object (U,T) of E . The morphism ϕT/k : T → X ′ (9.12.1) is the same as the composition T
φT/k
−−−→ U ′ → X ′
(11.16). Moreover, the ϕ∗T/k(TX′/k)-torsor LX′2,ϕT/k of Tzar (9.15) is the same as the φ
∗
T/k(TU ′/k)-torsor
RX′,(U ′,T,φT/k) of Tzar (11.8). Recall that FX′2,(U,T ) is the sheaf of affine functions on LX′2,ϕT/k. By (11.16.1),
we deduce a canonical isomorphism of OT -modules
(11.27.1) FX′2,(U,T )
∼
−→ FX,(U,T).
Let g : (U1, T1, δ1)→ (U2, T2, δ2) be a morphism of Crys(X/k). Suppose that there exists an S -morphism
g : T1 → T2 of flat formal S -schemes with special fiber g : T1 → T2. Then we obtain a morphism
g : (U1,T1)→ (U2,T2) of E . In view of 9.16(ii), the transition morphism of the crystal of OE ,1-modules FX
of E˜ associated to g (11.9.4, 11.16)
(11.27.2) cg : g∗(FX,(U2,T2))
∼
−→ FX,(U1,T1)
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is compatible with the transition morphism of the crystal FX′2 of OX/k-modules associated to g (9.9.2)
(11.27.3) cg : g∗(FX′2,(U2,T2))
∼
−→ FX′2,(U1,T1).
Lemma 11.28. The isomorphism FX′2
∼
−→ FX (11.27.1) is compatible with the actions of DX/k.
Proof. The object (X,PX) of E lifts the object (X,PX) of Crys(X/k). The canonical morphisms q1, q2 :
(X,PX)→ (X,X) of E lift the canonical morphisms p1, p2 : (X,PX)→ (X,X) of Crys(X/k). Recall (8.22.2)
that the QX,1-stratification on FX induces a PX -stratification on FX which is given by the isomorphisms
(11.28.1) cq1 : q
∗
1,s(FX)
∼
−→ FX,(X,PX), cq2 : q
∗
2,s(FX)
∼
−→ FX,(X,PX).
In view of 11.27, the isomorphism FX′2
∼
−→ FX is compatible with PX -stratifications. Then the assertion
follows.
Corollary 11.29. The isomorphism FX′2
∼
−→ FX induces a canonical isomorphism of OX-algebras AX′2
∼
−→
BX compatible with the actions of D
γ
X/k.
By 11.28, we obtain an isomorphism AX′2
∼
−→ BX compatible with actions of DX/k. By 9.28 and 11.25,
this isomorphism is compatible with actions of F ∗X/k(Γ̂(TX′/k)). Then the assertion follows.
Theorem 11.30. Let X be a smooth formal S -scheme and X its special fiber. The following diagram is
commutative up to a canonical isomorphism
(11.30.1) C qcoh(OE ,1)

CX/S∗// C qcoh(OE ′,1)

MICqnγ (X/k)
CX′
2 // HIGqnγ (X/k)
where CX/S ∗ is the direct image functor of the morphism of topoi CX/S (8.13), which depends only on X,
and the vertical functors are defined in 10.21 and depend on X.
Proof. Let N be a quasi-coherent crystal of OE ,1-modules of E˜ , N the associated D
γ
X/k-module, M
′ =
CX/S ∗(N ) andM ′ the associated Γ̂(TX′/k)-module. By 8.13, we have a canonical isomorphism C
∗
X/S (M
′) ∼−→
N . The DγX/k-module structure (∇BX , ψBX) on BX induces a D
γ
X/k-module structure on its dual B
∨
X (9.27).
By (11.26.1) and 11.29, we have a canonical isomorphism of Γ̂(TX′/k)-modules
CX′2(N)
∼
−→ ι∗(H omDγ
X/k
(B∨X, N))(11.30.2)
where the Γ̂(TX′/k)-action on the right hand side is given by that of B
∨
X. The canonical morphism
(11.30.3) H omOX (OX ,BX ⊗OX N)→ H omOX (B
∨
X, N)
sends a local section ϕ of H omOX (OX ,BX ⊗OX N) to χ : B
∨
X → N defined for every local section f of B
∨
X
by
(11.30.4) χ(f) = (f ⊗ idN )(ϕ(1)).
Since BX is locally a direct sum of free OX -modules of finite type (11.18.3), the morphism (11.30.3) is an
isomorphism. We equip OX the D
γ
X/k-module structure (d, 0). By (9.27.1) and (9.21.2), one verifies that a
local section ϕ : OX → BX ⊗OX N is D
γ
X/k-equivariant if and only if χ (11.30.4) is D
γ
X/k-equivariant. Then
we deduce an isomorphism
(11.30.5) H omDγ
X/k
((OX , d, 0),BX ⊗OX N)
∼
−→ H omDγ
X/k
(B∨X, N).
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In view of (9.21.2), the above isomorphism induces an isomorphism of Γ̂(TX′/k)-modules (11.17)
(11.30.6) (H omDγ
X/k
(OX ,BX ⊗OX N), ψBX)
∼
−→ ι∗(H omDγ
X/k
(B∨X, N)).
Then the assertion follows from 11.23(ii) and (11.30.2).
12. Fontaine modules
In this section, X denotes a smooth formal S -scheme and X its special fiber.
Definition 12.1. Let n be an integer ≥ 1. We define the category of filtered modules with quasi-nilpotent
integrable connection MICF(Xn/Sn) as follows. A filtered module with quasi-nilpotent integrable connection
is a triple (M,∇,M•) consisting of an object (M,∇) of MICqn(Xn/Sn) and a decreasing filtration {M i}i∈Z
(12.1.1) · · · ⊆M2 ⊆M1 ⊆M0 = M =M−1 · · ·
satisfying Griffiths’ transversality
(12.1.2) ∇(M i) ⊂M i−1 ⊗ Ω1Xn/Sn ∀ i ≥ 0.
Given two objects (M1,∇1,M•1 ) and (M2,∇2,M
•
2 ) of MICF(Xn/Sn), a morphism from (M1,∇1,M
•
1 ) to
(M2,∇2,M•2 ) is a horizontal OXn-linear morphism f :M1 →M2 compatible with the filtrations.
For any ℓ ≥ 0, we denote by MICℓF(Xn/Sn) the full subcategory of MICF(Xn/Sn) consisting of objects
with length ≤ ℓ (i.e. the filtration satisfies M ℓ+1 = 0).
12.2. Let ℓ be an integer ≥ 0, (M,∇,M•) an object of MICℓF(Xn/Sn). We consider the OXn -linear morphism
(12.2.1) g : ⊕ℓi=1M
i → ⊕ℓi=0M
i
defined for every local section mi of M i by g(mi) = (mi,−pmi) in M i−1 ⊕M i. We set
(12.2.2) M˜ = Coker(g).
For any 0 ≤ j ≤ ℓ, we denote by (−)j the composition M j → ⊕ℓi=0M
i → M˜ and by M˜−j the canonical
image of ⊕ji=0M
i in M˜ . We obtain a decreasing filtration
(12.2.3) M˜0 ⊆ M˜−1 ⊆ · · · ⊆ M˜−ℓ = M˜.
We consider the Wn-linear morphism
(12.2.4) h : ⊕ℓi=0M
i →
(
⊕ℓi=0M
i
)
⊗OXn Ω
1
Xn/Sn
defined by
h|Mi = ∇ :M
i →M i−1 ⊗OXn Ω
1
Xn/Sn
, for 1 ≤ i ≤ ℓ,(12.2.5)
h|M0 = p∇ :M0 →M0 ⊗OXn Ω
1
Xn/Sn
.
Lemma 12.3. The Wn-linear morphism h induces a quasi-nilpotent integrable p-connection ∇˜ on M˜ such
that for any −ℓ ≤ i ≤ −1, we have
(12.3.1) ∇˜(M˜ i) ⊂ M˜ i+1 ⊗OXn Ω
1
Xn/Sn
.
Proof. It follows from the definition that the composition
(12.3.2) ⊕ℓi=1 M
i g−→ ⊕ℓi=0M
i h−→
(
⊕ℓi=0M
i
)
⊗OXn Ω
1
Xn/Sn
→ M˜ ⊗OXn Ω
1
Xn/Sn
is zero. Hence the morphism h induces a Wn-linear morphism
(12.3.3) ∇˜ : M˜ → M˜ ⊗OXn Ω
1
Xn/Sn
.
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We show that ∇˜ is a p-connection. The restriction of h to M0 is the p-connection p∇. Hence the restriction
of ∇˜ to M˜0 is a p-connection. Let f be a local section of OX, i an integer ∈ [1, ℓ] and m a local section of
M i. The morphism h sends fm ∈M i to
(12.3.4) ∇(fm) = f∇(m) +m⊗ df ∈M i−1 ⊗ Ω1Xn/Sn .
Note that we have (m)i−1 = (pm)i. Then we deduce that
(12.3.5) ∇˜(f(m)i) = f∇˜((m)i) + p(m)i ⊗ df.
The assertion follows. The integrability of ∇ implies easily that of ∇˜.
It is clear from the definition that ∇˜ satisfies the condition (12.3.1). Since M is pn-torsion, the restriction
of ∇˜ to M˜0 is quasi-nilpotent. In view of (12.3.1), we deduce that ∇˜ is quasi-nilpotent.
12.4. Let ε
M˜,T
be the TX-stratification on M˜ associated to ∇˜ (5.22). We present its local description.
Suppose that there exists an étale S -morphism X → Âd
S
= Spf(W{T1, · · · , Td}). We take again the
notation of 5.2 and of 5.21. For any 0 ≤ i ≤ ℓ, any local section m of M i and any I ∈ N, in view of (12.2.5),
we have
(12.4.1) ∇˜∂I ((m)i) =
{
(∇∂I (m))i−|I| if 0 ≤ i ≤ |I|;
p|I|−i(∇∂I (m))0 if |I| > i.
By (5.22.1), we deduce that
(12.4.2) ε
M˜,T
(1⊗ (m)i) =
∑
|I|≤i
(
∇∂I (m)
)
i−|I|
⊗
(
ξ
p
)[I]
+
∑
|I|>i
p|I|−i
(
∇∂I (m)
)
0
⊗
(
ξ
p
)[I]
.
Proposition 12.5. Suppose that ℓ ≤ p− 1.
(i) There exists an RX-stratification εM˜ on M˜ .
(ii) The RX-stratification εM˜ induces the TX-stratification εM˜,T via the functor (8.22.1).
Proof. Let εM be the PX-stratification on M and θM : M → M ⊗OX PX the morphism defined by
θM (m) = εM (1 ⊗ m). We denote by JP the PD-ideal of PX. In view of local description of J
[•]
P,n (5.13),
M i⊗OXn J
[j]
P is a submodule of M ⊗OXn PX for any i, j ≥ 0. By ([30] 3.1.3) and Griffiths’ transversality, we
have
(12.5.1) θM (M i) ⊂
i∑
j=0
M j ⊗OXn J
[i−j]
P , ∀ 0 ≤ i ≤ ℓ.
We denote the target by (M ⊗OXn PX)
i and the induced morphism by θiM : M
i → (M ⊗OXn PX)
i. Let
s : PX → RX be the homomorphism defined in 5.24, and for all j ≤ p − 1, sj : J
[j]
P → RX the induced
morphism (5.24.2). For any j ≤ i, we have a canonical morphism
(12.5.2) (−)j ⊗ si−j :M j ⊗OXn J
[i−j]
P → M˜ ⊗OXn RX.
For any 0 ≤ j′ < j ≤ i, in view of the local description of J [•]P,n (5.13), we have the intersection inM⊗OXn PX
M j ⊗OXn J
[i−j]
P ∩M
j′ ⊗OXn J
[i−j′]
P = M
j ⊗OXn J
[i−j′ ]
P .
Since si−j |
J
[i−j′ ]
P
= pj−j
′
si−j
′
(5.24.2), we deduce that the morphisms (12.5.2) are compatible and they
induce an OX-linear morphism
(12.5.3) ui : (M ⊗OXn PX)
i → M˜ ⊗OXn RX.
By construction, we have ui|(M⊗OXnPX)
i+1 = pui+1. Then the morphism
⊕ℓi=0u
i ◦ θiM : ⊕
ℓ
i=0M
i → M˜ ⊗OXn RX
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induces an OX-linear morphism
(12.5.4) θ
M˜
: M˜ → M˜ ⊗OXn RX.
Wewill show that the above morphism satisfies the conditions of 5.7 and hence induces anRX-stratification.
To do this, we can reduce to the case where there exists an étaleS -morphismX→ Âd
S
= Spf(W{T1, · · · , Td}).
We take again the notation of 5.16. For any 0 ≤ i ≤ ℓ, any local section m of M i, we have
(12.5.5) θiM (m) =
∑
I∈Nd
∇∂I (m)⊗ ξ
[I] ∈
i∑
j=0
M j ⊗OXn J
[i−j]
P .
The p-adic valuation of I! is less than
∑
k≥1⌊
|I|
pk
⌋. If i ≤ p − 1 and |I| ≥ i, p
|I|−i
I! is an element of Zp. By
(5.24.1), we have si(ξ[I]) = p
|I|−i
I! (
ξ
p )
I . Then we deduce that
(12.5.6) θ
M˜
((m)i) =
∑
|I|≤i
1
I!
(
∇∂I (m)
)
i−|I|
⊗
(
ξ
p
)I
+
∑
|I|>i
p|I|−i
I!
(
∇∂I (m)
)
0
⊗
(
ξ
p
)I
.
It is clear that θ
M˜
verifies condition (i) of 5.7. By (12.5.6) and the local description of δ : RX,n →
RX,n ⊗OXn RX,n (4.17), we deduce that
θ
M˜
⊗ idR(θM˜ ((m)i))
=
∑
|I|+|J|≤i
1
I!J !
(
∇∂I+J (m)
)
i−|I|−|J|
⊗
(
ξ
p
)I
⊗
(
ξ
p
)J
+
∑
|I|+|J|>i
p|I|+|J|−i
I!J !
(
∇∂I+J (m)
)
0
⊗
(
ξ
p
)I
⊗
(
ξ
p
)J
= id
M˜
⊗δ(θ
M˜
((m)i)).
By 5.7, we obtain an RX-stratification εM˜ on M˜ . Assertion (ii) follows by comparing (12.4.2) and (12.5.6).
12.6. By 8.18, we associate to (M˜, ε
M˜
) a crystal of OE ,n-modules of E˜ that we denote by M˜ .
We put X′ = X×S ,σ S (2.1) and we denote by π : X′ → X the canonical morphism. In view of 3.14 and
4.12, the morphism π induces a morphism of formal groupoids πR : RX′ ≃ RX×S ,σ S → RX above π (4.9).
We denote by M˜ ′ the crystal of OE ′,n-modules of E˜ ′ associated to the OX′n -module with RX′ -stratification
(π∗(M˜), π∗R(εM˜ )) (5.10). The OX′n -module with integrable p-connection associated to M˜
′ (8.22.3) is the
inverse image π∗(M˜, ∇˜) of (M˜, ∇˜) by π (5.4).
The previous construction is clearly functorial and it defines a functor (8.5)
MICp−1F (Xn/Sn) → C (OE ′,n)(12.6.1)
(M,∇,M•) 7→ M˜ ′.
Definition 12.7. A (pn-torsion) Fontaine module over X is a quadruple (M,∇,M•, ϕ) consisting of an
object (M,∇,M•) of MICp−1F (Xn/Sn) such that each OXn-module M
i is quasi-coherent, and a morphism
of MICqn(Xn/Sn)
(12.7.1) ϕ : ν(C∗(M˜ ′))→ (M,∇)
where C∗ is the Cartier transform (8.16.1) and ν : C (OE ,n)→ MIC
qn(Xn/Sn) is defined in (8.22.4).
We say that such a Fontaine module is strongly divisible if ϕ (12.7.1) is an isomorphism.
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Given two Fontaine modules (M1,∇1,M•1 , ϕ1) and (M2,∇2,M
•
2 , ϕ2), a morphism from (M1,∇1,M
•
1 , ϕ1)
to (M2,∇2,M•2 ,ϕ2) is a morphism f : (M1,∇1,M
•
1 ) → (M2,∇2,M
•
2 ) of MIC
p−1
F (Xn/Sn) such that the
following diagram commutes
(12.7.2) ν(C∗(M˜ ′1))
ϕ1 //
ν(C∗(f˜ ′))

(M1,∇1)
f

ν(C∗(M˜ ′2))
ϕ2 // (M2,∇2)
where f˜ ′ : M˜ ′1 → M˜
′
2 is the OE ′,n-linear morphism induced by f (12.6.1).
We denote by MFbig(X) the category of Fontaine modules over X and by MF(X) the full subcategory of
MFbig(X) of strongly divisible Fontaine modules (M,∇,M•, ϕ) such that M is a coherent OXn -module for
some integer n.
Remark 12.8. In the p-torsion case, given an object (M,∇,M•) of MICℓF(X/k), M˜ = gr(M) and ∇˜ is the
Higgs field on gr(M) induced by ∇ and Griffiths’ transversality which is of length ≤ ℓ. In ([32] 4.16), using
their Cartier transform C−1X′2 (9.29), Ogus and Vologodsky define a p-torsion Fontaine module as an object
(M,∇,M•) of MICp−1F (X/k) together with a horizontal isomorphism
(12.8.1) ϕ : C−1X′2 (π
∗(Gr(M), θ)) ∼−→ (M,∇).
By 11.30, our definition 12.7 is compatible with theirs.
12.9. Let Y be a smooth formal S -scheme, Y its special fiber and ι : X →֒ Y a closed S -immersion. For
any n ≥ 1, we denote by Dn the PD-envelope of ιn compatible with γ, by JDn the PD-ideal of ODn . The
schemes {Dn}n≥1 form an adic inductive system and we denote by D the associated adic formal S -scheme.
Since the canonical morphism λ : Dn → Yn is affine, we consider quasi-coherentODn -modules equivalently
as quasi-coherent λ∗(ODn)-modules ([24] 9.2.1). There exists a quasi-nilpotent integrable connection ∇Dn :
ODn → ODn ⊗OYn Ω
1
Yn/Sn
such that ∇Dn(y
[m]) = y[m−1]dy for every local section y of the ideal of Xn in
Yn ([5] 6.4).
12.10. Recall that σ denotes the Frobenius endomorphism of W. We suppose that there exists a σ-morphism
FY : Y → Y lifting the Frobenius morphism FY : Y → Y . For any n ≥ 1, the OYn -linear morphism
dFY
p
(6.1.1) induces by adjunction a semi-linear morphism with respect to FY that we abusively denote by
(12.10.1)
dFY
p
: Ω1Yn/Sn → FY∗(Ω
1
Yn/Sn
) = Ω1Yn/Sn .
Since Dn is equal to the PD-envelope of the immersion X → Yn compatible with γ, the morphism
FY induces a σ-morphism FD : D → D lifting the Frobenius morphism of D1. We denote by ϕDn the
homomorphism ODn = F
−1
D (ODn) → ODn induced by FD. Since ϕD1(JD1) = 0, we deduce that for any
0 ≤ r < p, we have ϕDn(J
[r]) ⊂ prODn . Since Dn is flat over Sn ([4] I 4.5.1), dividing ϕDn+r by p
r, we
obtain a semi-linear morphism with respect to FD
(12.10.2) ϕrDn : J
[r]
Dn
→ ODn ∀ 0 ≤ r ≤ p− 1.
Definition 12.11 ([13] 2.3 c), [36], 2.1.7). A Fontaine module over X with respect to (ι, FY) is a quadruple
M = (M,∇,M•, ϕ•M) consisting of
(a) A quasi-coherent ODn -module M for some integer n ≥ 1.
(b) A quasi-nilpotent integrable connection ∇ : M →M ⊗OYn Ω
1
Yn/Sn
compatible with ∇Dn (12.9).
(c) A decreasing filtration {M r}r<p ofM by quasi-coherentODn-submodules satisfying Griffiths’ transver-
sality such that M r = M for r ≤ 0 and that J [r]DnM
s ⊂M r+s for r ≥ 0, r + s < p.
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(d) A family of semi-linear morphisms {ϕrM :M
r →M}r<p with respect to FD called divided Frobenius
morphisms satisfying the following conditions:
(i) ϕrM|M
r+1 = pϕr+1M , ∀ r < p− 1 (in particular, ϕ
−i
M = p
iϕ0M for i > 0).
(ii) For any integers r, s ≥ 0 such that r + s < p and any local sections a of J [r]D , x of M
s, we have
ϕr+sM (ax) = ϕ
r
Dn
(a)ϕsM(x).
(iii) The following diagram commutes for all r < p (12.10.1):
(12.11.1) M r
∇|Mr //
ϕrM

M r−1 ⊗OYn Ω
1
Yn/Sn
ϕr−1
M
⊗
dFY
p

M
∇ // M ⊗OYn Ω
1
Yn/Sn
A morphism between two Fontaine modules M = (M,∇M ,M•, ϕ•M) and N = (N,∇N , N
•, ϕ•N) is a
horizontal OD-linear morphism f : M → N compatible with the filtrations and the divided Frobenius
morphisms.
We denote by MFbig(X; ι, FY) the category of Fontaine modules over X with respect to (ι, FY). One
verifies that the quadruple (ODn ,∇Dn , J
[•]
Dn
, ϕ•Dn) is an object of MFbig(X; ι, FY).
Let M = (M,M•,∇M , ϕ•M) be an object of MFbig(X; ι, FY). Since M is an OD-module, the de Rham
complexe M ⊗OYn Ω
•
Yn/Sn
is concentrated on X . By Griffith’s transversality, for any r ≤ p− 1, we have a
subcomplex (M r−q ⊗OYn Ω
q
Yn/Sn
)q≥0 of the de Rham complex M ⊗OYn Ω
•
Yn/Sn
. By (12.11.1), the divided
Frobenius morphisms {ϕ•M} and
dFY
p induce a W-linear morphism of complexes
(12.11.2) (M r−• ⊗OYn Ω
•
Yn/Sn
)⊗σ,W W→M ⊗OYn Ω
•
Yn/Sn
.
12.12. Let M = (M,M•,∇M , ϕ•M) be a p
n-torsion object of MFbig(X; ι,Y). We define the OD-module M˜
as the quotient of ⊕r<pF ∗D(M
r) by the ODn -submodule generated by local sections of the following forms:
(i) (1⊗ x)r−1 − (1⊗ px)r for all x ∈M r, r < p,
(ii) (ϕrDn(a)⊗ x)s − (1⊗ ax)r+s for all a ∈ J
[r]
Dn
, x ∈M s, r ≥ 0, r + s < p,
where (−)r denotes the canonical inclusion F ∗D(M
r)→ ⊕r<pF ∗D(M
r). In view of condition (d) of 12.11, the
morphisms {ϕrM}r<p induce an OD-linear morphism
(12.12.1) ϕM : M˜→M.
Definition 12.13. We say that an objectM ofMFbig(X; ι, FY) is strongly divisible if ϕM is an isomorphism.
12.14. In the case X = Y and ι = id, we haveDn = Xn. We write simplyMFbig(X;FX) forMFbig(X; id, FX)
and we denote by MF(X;FX) the full subcategory of MFbig(X;FX) of strongly divisible objects whose
underlying OX-modules are coherent.
Let M = (M,∇,M•, ϕ•M) be an object of MFbig(X;FX). The condition (d-ii) of 12.11 and the relation
(ii) of 12.12 are empty and we have M˜ = F ∗X(M˜) (12.2.2).
12.15. Suppose that there exists a σ-lifting FX : X → X of the Frobenius morphism FX . The morphism
FX induces an S -morphism F : X→ X′. Let (M,∇,M•) be an object of MIC
qn
F (Xn/Sn). By (8.22.6) and
12.6, the morphism F induces a functorial isomorphism of MICqn(Xn/Sn):
(12.15.1) ηF : Φn(π∗(M˜, ∇˜))
∼
−→ ν(C∗(M˜ ′)),
where Φn is Shiho’s functor (6.4.1) defined by F . The underlying OXn -module of Φn(π
∗(M˜, ∇˜)) is F ∗X(M˜)
(6.4.1). We denote the connection on F ∗X(M˜) by ∇F .
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Given a horizontal morphism ϕ : ν(C∗(M˜ ′))→ (M,∇), we obtain a horizontal morphism ϕF and a family
of morphisms {ϕiF : M
i →M}p−1i=0
ϕF = ϕ ◦ ηF : (F ∗X(M˜),∇F )→ (M,∇),(12.15.2)
ϕiF :M
i (−)i−−−→ M˜
ϕF
−−→M.(12.15.3)
For i > 0, we set ϕ−iF = p
iϕ0F . Then we obtain a functor
(12.15.4) λF :MFbig(X)→MFbig(X;FX) (M,∇,M•, ϕ) 7→ (M,∇,M•, ϕ•F ).
Conversely, a family of divided Frobenius morphisms {ϕiF : M
i →M}i≤p−1 satisfying (d-i,iii) of 12.11 in-
duces an OXn-linear morphism ϕF : F
∗
X(M˜)→M (12.12.1). Then we obtain a morphism ϕ : C
∗(M˜ ′)(X,X) →
M by composing with η−1F . We define a functor
χF :MFbig(X;FX)→MFbig(X) (M,∇,M•, ϕ•F ) 7→ (M,∇,M
•, ϕ).(12.15.5)
Proposition 12.16. The functors λF (12.15.4) and χF (12.15.5) are well-defined. They induce equivalences
of categories quasi-inverse to each other and preserve the strong divisibility condition (12.13).
Proof. Let (M,∇,M•, ϕ) be an object ofMFbig(X). It follows from the definition of M˜ that the morphisms
{ϕ•F } satisfy condition (d-i) of 12.11. We show that they also satisfy condition (d-iii). Recall (5.4, 6.2) that
for any local sections m of M˜ and f of OXn , we have (6.2.2)
(12.16.1) ∇F (fF ∗X(m)) = fζ
(
F ∗X(∇˜(m))
)
+ F ∗X(m)⊗ df
where ζ denotes the composition
F ∗X(M˜ ⊗OXn Ω
1
Xn/Sn
) ∼−→ F ∗X(M˜)⊗OXn F
∗
X(Ω
1
Xn/Sn
)
id⊗dFX/p
−−−−−−−→ F ∗X(M˜)⊗OXn Ω
1
Xn/Sn
.
For any 0 ≤ i ≤ p − 1 and any local section m of M i, we denote by (∇(m))i−1 the image of ∇(m)
via M i−1 ⊗OXn Ω
1
Xn/Sn
→ M˜ ⊗OXn Ω
1
Xn/Sn
for 1 ≤ i ≤ p − 1 and by (∇(m))−1 the image of p∇(m) in
M˜ ⊗OXn Ω
1
Xn/Sn
for i = 0. In view of the definition of ∇˜ (12.3), we have ∇˜((m)i) = (∇(m))i−1 and
∇(ϕiF (m)) = ϕF ⊗ id(∇F (F
∗
X((m)i))) (12.15.3)(12.16.2)
= ϕF ⊗ id(ζ(F ∗X(∇˜((m)i)))) (12.16.1)
= ϕF ⊗
dFX
p
((∇(m))i−1)
= ϕi−1F ⊗
dFX
p
(∇(m)).
The commutativity of (12.11.1) follows. The functor (12.15.4) is well-defined and preserves the strong
divisibility conditions.
Conversely, let (M,∇,M•, ϕ•F ) be an object of MFbig(X;FX). In view of (12.16.2), the associated mor-
phism ϕF : F ∗X(M˜) → M is compatible with the connections ∇F and ∇. Via η
−1
F (12.15.1), we obtain a
morphism ϕ : ν(C∗(M˜ ′))→ (M,∇) as (12.7.1). Hence the functor χF (12.15.5) is well-defined and is clearly
quasi-inverse to λF .
Remark 12.17. By 12.16, we see that the notion of Fontaine module over S (12.7) is compatible with the
notion of Fontaine modules over W introduced by Fontaine and Laffaille (cf. [15] 1.2 or [37] 2.2.1).
12.18. Let F1, F2 : X → X′ be two liftings of the relative Frobenius morphism FX/k of X and let Fi,X =
π ◦ Fi : X→ X. We present an explicit description of the equivalence of categories
(12.18.1) λF2 ◦ χF1 :MFbig(X;F1,X)
∼
−→MFbig(X;F2,X).
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The morphisms F1 and F2 induce a morphism of E ′ (8.24.1)
(12.18.2) α : ρ(X,X)→ (X ′, RX′).
Let (M,∇,M•) be an object of MICp−1F (Xn/Sn). Recall that the morphism α induces a functorial isomor-
phism of MICqn(Xn/Sn) (8.27.1)
(12.18.3) α∗(π∗R(εM˜ )) : (F
∗
2,X(M˜),∇F2)
∼
−→ (F ∗1,X(M˜),∇F1)
such that ηF2 = ηF1 ◦ α
∗(π∗R(εM˜ )) (8.26). In view of the proof of 12.16, a family of divided Frobenius
morphisms {ϕiFj}i≤p−1 is equivalent to a horizontal morphism ϕFj (12.15.2) for j = 1, 2. Then the functor
(12.18.1) is given by
MFbig(X;F1,X) → MFbig(X;F2,X)(12.18.4)
(M,∇,M•, ϕF1) 7→ (M,∇,M
•, ϕF1 ◦ α
∗(π∗R(εM˜ ))).
Let us describe the isomorphism (12.18.3) in terms of a system of local coordinates. Assume that there
exists an étale S -morphism f : X → Âd
S
= Spf(W{T1, · · · , Td}) and put ti the image of Ti in OX and
ξi = 1⊗ ti− ti⊗ 1 ∈ OX2 . Let i be an integer ∈ [0, p− 1], m an element of M i and (m)i its image in M˜ . We
have (12.5.6)
(12.18.5) ε
M˜
(1 ⊗ (m)i) =
∑
|I|≤i
1
|I|!
(
∇∂I (m)
)
i−|I|
⊗
(
ξ
p
)I
+
∑
|I|>i
p|I|−i
|I|!
(
∇∂I (m)
)
0
⊗
(
ξ
p
)I
.
Recall that the morphism α : X→ RX′ (12.18.2) induces a homomorphism a : RX′ → OX (8.24.2) which
sends ξ
′
i
p to
F∗2,X(ti)−F
∗
1,X(ti)
p (8.24.3). We deduce that
α∗(π∗R(εM˜ ))(1 ⊗F2 (m)i) =
∑
|I|≤i
(
F∗2,X(t)−F
∗
1,X(t)
p
)I⊗
F1
1
|I|!
(
∇∂I (m)
)
i−|I|
(12.18.6)
+
∑
|I|>i
(
F∗2,X(t)−F
∗
1,X(t)
p
)I⊗
F1
p|I|−i
|I|!
(
∇∂I (m)
)
0
where (
F ∗2,X(t)− F
∗
1,X(t)
p
)I
=
d∏
j=1
(
F ∗2,X(tj)− F
∗
1,X(tj)
p
)ij
∀ I = (i1, · · · , id) ∈ Nd
In ([13] proof of Thm. 2.3), Faltings proposed the Taylor formula (12.18.6) to construct an equivalence
of categories between MFbig(X;F2,X) and MFbig(X;F1,X). We see that his construction coincides with our
functor λF2 ◦ χF1 (12.18.1).
Proposition 12.19 ([30] 5.3.3). Suppose that there exists a σ-lifting FX : X→ X of the Frobenius morphism.
(i) Let (M,∇,M•, ϕ) be an object of MF(X;FX) (12.14). Then each M i is locally a direct sum of sheaves
of the form OXn .
(ii) Any morphism of MF(X;FX) is strictly compatible with the filtrations ([10] 1.1.5).
(iii) The category MF(X;FX) is abelian.
Corollary 12.20 ([13] 2.1). (i) Any morphism of MF(X) is strictly compatible with the filtrations.
(ii) The category MF(X) is abelian.
Proof. Assertion (i) being local, we may assume that there exists a σ-lifting of the Frobenius morphism.
Then, it follows from 12.16 and 12.19(ii).
For any morphism f : (M1,∇1,M•1 , ϕ1) → (M2,∇2,M
•
2 , ϕ2) of p
n-torsion objects of MF(X), we denote
by (L,∇L) and (N,∇N ) the kernel and the cokernel of f in MIC
qn(Xn/Sn). We denote by L• (resp. N•)
the filtration on L (resp. N) induced by M•1 (resp. M
•
2 ) ([10] 1.1.8). Since f is strictly compabitlbe, for any
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i < p, we have f(M i1) = f(M1) ∩M
i
2 ([10] 1.1.11) and an exact sequence 0 → L
i → M i1 → M
i
2 → N
i → 0.
By the snake lemma, we deduce an exact sequence
0→ L˜→ M˜1 → M˜2 → N˜ → 0.
Then we deduce a commutative diagram
0 // ν(C∗(L˜ ′)) // ν(C∗(M˜ ′1))
≀ϕ1

// ν(C∗(M˜ ′2)) //
≀ ϕ2

ν(C∗(N˜ ′)) // 0
0 // (L,∇L) // (M1,∇1) // (M2,∇2) // (N,∇N ) // 0
Hence we can define Ker(f) and Coker(f) in MF(X). We deduce that the category MF(X) is abelian.
12.21. Let (ι1 : X→ Y1, FY1) and (ι2 : X→ Y2, FY2) be two data as in 12.9 and suppose that there exists
a smooth S -morphism g : Y2 → Y1 compatible with ι1, ι2 and the Frobenius morphisms FY1 and FY2 .
Then g induces a PD-morphism gD : D2 → D1 compatible with FD2 and FD1 . Note that gD induces an
isomorphism on the underlying topological spaces.
Lemma 12.22 ([36] 2.2.2). Let x be a point of Xn and let t1, · · · , td be a family of local sections of OY2,n
in a neighborhood of ι2(x) such that {dt1, . . . , dtd} form a basis of Ω1Y2,n/Y1,n,x and that ι
∗
2(ti) = 0 (the
existence follows from the fact that ι1 is a closed immersion). Then there exists an OD1,n,x-PD-isomorphism
(12.22.1) OD1,n,x〈T1, · · · , Td〉
∼
−→ OD2,n,x
which sends Ti to ti.
Proof. Let Ii be the ideal of Xn in Yi,n. We have a commutative diagram
0 // ι∗1(I1/I
2
1 )x //

ι∗1(Ω
1
Y1,n/Sn
)x //
 _

Ω1Xn/Sn,x
// 0
0 // ι∗2(I2/I
2
2 )x // ι
∗
2(Ω
1
Y2,n/Sn
)x //

Ω1Xn/Sn,x
// 0
ι∗2(Ω
1
Y2,n/Y1,n
)x
Hence, if f1, f2, · · · , fm form a regular sequence of generators for (I1)ι1(x), then t1, · · · , td, g
∗(f1), · · · , g∗(fm)
form a quasi-regular sequence of generators for (I2)ι2(x) ([27] 0.15.2.2) and hence a regular sequence of
generators ([27] 0.15.1.11). Then the assertion follows from ([4] I 4.5.1(ii)).
Proposition 12.23 ([36] Proof of 2.2.1). Keep the assumption of 12.21. The morphism g : Y2 → Y1
induces equivalences of categories quasi-inverse to each other:
(12.23.1) g∗ :MFbig(X; ι1, FY1)→MFbig(X; ι2, FY2), g∗ :MFbig(X; ι2, FY2)→MFbig(X; ι1, FY1).
We present the construction of pull-back functor and we refer to [36] for the construction of the push-
forward functor. Let M = (M1,∇1,M•1 , ϕ
•
1) be an object of MFbig(X; ι1, FY1) and n an integer such that
pnM = 0. We define
g∗(M) = (M2,∇2,M•2 , ϕ
•
2)
as follows. We set M2 = OD2,n ⊗OD1,n M1. For any r < p, the submodule M
r
2 of M2 is defined to be the sum
(12.23.2)
∑
r1≥0,r1+r2=r
Im(J [r1]D2,n ⊗OD1,n M
r2
1 →M2).
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Let x be a point of X. With the notation and assumption of 12.22, for any I = (i1, · · · , id) ∈ Nd, we set
T [I] =
∏d
j=1 T
[ij]
j . In view of 12.11(c) and (12.22.1), M
r
2,x can be written as a direct sum of OD1,n,x-modules
(12.23.3) M r2,x =
⊕
|I|=s
M r−s1,x · T
[I].
For any local sections a of OD2,n and m of M , we define a Wn-linear morphism ∇2 : M2 → M2 ⊗OY2,n
Ω1Y2,n/Sn by
(12.23.4) ∇2(a⊗m) = a · g∗(∇1(m)) +m⊗∇D2,n(a).
Since ∇1 and ∇D1,n are compatible, ∇2 is well-defined and ∇D2,n is compatible with ∇2. Since ∇1 and
∇D2,n are quasi-nilpotent integrable connections satisfying Griffiths’ transversality, the same holds for ∇2.
For any r < p, in view of (12.23.3), one verifies that the semi-linear morphisms
ϕr1JD2,n
⊗ ϕr21 : J
[r1]
D2,n
⊗OD1,n M
r2
1 →M2, r1 + r2 = r, 0 ≤ r1 ≤ p− 1
are compatible and induce a semi-linear morphism with respect to FD2 :
(12.23.5) ϕr2 :M
r
2 →M2.
The conditions 12.11(d i-iii) follow from those of ϕ•1 and of ϕ
•
D2,n
.
Remark 12.24. By (12.23.4), the morphism g induces a morphism of de Rham complexes
(12.24.1) M1 ⊗OY1,n Ω
•
Y1,n/Sn
→M2 ⊗OY2,n Ω
•
Y2,n/Sn
.
For any r ≤ p− 1, we have a commutative diagram (12.11.2)
(12.24.2) (M r−•1 ⊗OY1,n Ω
•
Y1,n/Sn
)⊗σ,W W //

M1 ⊗OY1,n Ω
•
Y1,n/Sn

(M r−•2 ⊗OY2,n Ω
•
Y2,n/Sn
)⊗σ,W W // M2 ⊗OY2,n Ω
•
Y2,n/Sn
Lemma 12.25 ([36] 2.3.2). The functor g∗ (12.23.1) sends strongly divisible objects to strongly divisible
objects (12.13).
Proof. The canonical morphisms OD2,n ⊗OD1,n M
r
1 →M
r
2 induce an ODn -linear morphism (12.12)
(12.25.1) ug : g∗D(M˜)→ g˜∗(M).
In view of condition 12.12(ii), the above morphism is surjective. We have a commutative diagram:
(12.25.2) g∗D(M˜)
ug // //
g∗D(ϕM)

g˜∗(M)
ϕg∗(M)

g∗D(M1) M2
If ϕM is an isomorphism, then ug is an isomorphism and so is ϕg∗(M). The lemma follows.
Proposition 12.26. Suppose that X is separated over S . Take again the notation of 12.18 and let ∆ : X→
X2 be the diagonal immersion, q1, q2 : X2 → X the canonical projections and FX2 = (F1,X, F2,X) : X2 → X2.
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Then the diagram
(12.26.1) MFbig(X)
λF1 //
λF2

MFbig(X;F1,X)
q∗1

MFbig(X;F2,X)
q∗2 //MFbig(X; ∆, FX2)
is commutative up to a canonical isomorphism.
Proof. Let M = (M,∇,M•, ϕ) be a Fontaine module over X and ϕFi = ϕ ◦ ηFi : F
∗
i,X(M˜)→M (12.15.2)
for i = 1, 2. Then we have λFi(M) = (M,∇,M
•, ϕFi) ∈ MFbig(X;Fi,X). We denote abusively by qi the
composition PX → X2
qi
−→ X and we set Mi = q∗i (λFi (M)) = (q
∗
i (M),∇i, A
•
i , ϕ
•
Mi
) ∈MFbig(X; ∆, FX2).
Let ε : q∗2(M)
∼
−→ q∗1(M) be the PX-stratification onM . By ([30] 3.1.3 cf. 13.6), it is a filtered isomorphism
with respect to the filtrations A•2 and A
•
1. Since ε is the PX-stratification on M , it is compatible with ∇2
and ∇1. It remains to show that ε is compatible with the divided Frobenius morphisms ϕ•Mi on both sides.
Since ϕ : C∗(M˜ ′)(X,X) →M is a horizontal morphism, the following diagram commutes
(12.26.2) q∗2(C
∗(M˜ ′)(X,X))
∼ //
q∗2 (ϕ)

C∗(M˜ ′)(X,PX) q
∗
1(C
∗(M˜ ′)(X,X))
q∗1 (ϕ)

∼oo
q∗2(M)
ε
∼
// q∗1(M)
We have ϕFi = ηFi ◦ ϕ and the following commutative diagrams:
(12.26.3) q∗2(F
∗
2,X(M˜))
q∗2 (ηF2 )
∼
//
q∗2 (ϕF2) ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
q∗2(C
∗(M˜ ′)(X,X))
q∗2 (ϕ)

q∗2(M)
q∗1(F
∗
1,X(M˜))
q∗1 (ηF1)
∼
//
q∗1 (ϕF1) ((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
◗
q∗1(C
∗(M˜ ′)(X,X))
q∗1 (ϕ)

q∗1(M)
The filtered isomorphism ε : A•2
∼
−→ A•1 induces an isomorphism ε˜ : M˜2
∼
−→ M˜1 (12.12). In the diagrams
(12.26.4) q∗2(F
∗
2,X(M˜))
∼ //
uq2
q∗2 (ϕF2)
##
C∗(M˜ ′)(X,PX)
(1)
q∗1(F
∗
1,X(M˜))
∼oo
uq1 
q∗1 (ϕF1)
{{
M˜2
ε˜ //
ϕM2

(2)
M˜1
ϕM1

q∗2(M)
ε // q∗1(M)
the left-hand side diagram and the right-hand side diagram are commutative (12.25.2).
To prove the assertion, it suffices to show that diagram (2) is commutative. By (12.26.2) and (12.26.3),
the outer diagram of (12.26.4) commutes. Since uqi is surjective (12.25.1), it suffices to prove the following
lemma.
Lemma 12.27. Diagram (1) of (12.26.4) is commutative.
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Proof. Recall (8.23) that F1, F2 induce a S -morphismQX → RX′ . We denote the composition ρ(X,PX)→
ρ(X,QX)→ (X ′, RX′) of morphisms of E ′ (7.4.2) by f . It fits into the following commutative diagram:
ρ(X,X)
F2

ρ(X,PX)
f

ρ(q2)oo ρ(q1) // ρ(X,X)
F1

(X ′,X′) (X ′, RX′)
q′2oo q
′
1 // (X ′,X′)
Hence the composition q∗2(F
∗
2,X(M˜))
∼
−→ q∗1(F
∗
1,X(M˜)) of the upper arrows of diagram (1) coincides with the
pull-back of the RX-stratification εM˜ on M˜ (12.5) via the composition PX
f
−→ RX′
πR−−→ RX (12.6):
(12.27.1) f∗(π∗R(εM˜ )) : PX ⊗RX (RX ⊗OX M˜)
∼
−→ PX ⊗RX (M˜ ⊗OXn RX).
To show the lemma, we may suppose that there exists an étale morphism X → Âd
S
and we take again
the notation of 12.18. For 1 ≤ k ≤ d, we set F ∗1 (t
′
k) = t
p
k + pak and F
∗
2 (t
′
k) = t
p
k + pbk. By (8.23.3), the
homomorphism RX′ → PX induced by f sends
(12.27.2)
(
ξ′k
p
)
7→ zk = (p− 1)!ξ
[p]
k +
p−1∑
j=1
(p− 1)!
j!(p− j)!
ξjk(tk ⊗ 1)
p−j + (1⊗ bk − ak ⊗ 1).
For any multi-index I = (i1, · · · , id), we set zI =
∏d
k=1 z
ik
k . Let i be an integer ∈ [0, p− 1], m a local section
of M i and (m)i its image in M˜ . By (12.18.5) and (12.27.2), the isomorphism (12.27.1) sends
(12.27.3) 1⊗ (1⊗q2 (m)i) 7→
∑
|I|≤i
zI
I!
⊗
(
(∇∂I (m))i−|I| ⊗q1 1
)
+
∑
|I|>i
p|I|−izI
I!
⊗
(
(∇∂I (m))0 ⊗q1 1
)
The PX-linear morphism uq2 (resp. uq1) (12.25.1) sends
(12.27.4) 1⊗ (1⊗q2 (m)i) 7→
(
1⊗FPX (1⊗q2 m)
)
i
(resp. 1⊗ ((m)i ⊗q1 1) 7→
(
1⊗FPX (m⊗q1 1)
)
i
where (−)i : F ∗PX(A
i
j)→ M˜j denotes the canonical morphism for j = 1, 2.
On the other hand, the isomorphism ε : Ai2
∼
−→ Ai1 sends 1⊗m to
∑
I ∇∂I (m)⊗ξ
[I]. Hence the isomorphism
ε˜ : M˜2
∼
−→ M˜1 in diagram (1) sends
(12.27.5)
(
1⊗FPX (1⊗q2 m)
)
i
7→
∑
I
(
1⊗FPX (∇∂I (m)⊗q1 ξ
[I])
)
i
With the notation of 12.10, the divided Frobenius morphisms on (OPXn , J
[•]
PXn
) satisfies
(12.27.6) ϕPXn (ξk) = pzk, ∀ 1 ≤ k ≤ d, ϕ
i
PXn
(ξ[I]) =
p|I|−izI
I!
, ∀ i < p, |I| ≥ i.
By conditions (i) and (ii) of 12.12, we deduce that
(12.27.7) (1⊗FPX (∇∂I (m)⊗ ξ
[I]))i =
{
( z
I
I! ⊗FPX (∇∂I (m)⊗ 1))i−|I| if |I| ≤ i
(p
|I|−izI
I! ⊗FPX (∇∂I (m)⊗ 1))0 if |I| > i
By comparing (12.27.3), (12.27.4), (12.27.5) and (12.27.7), the assertion follows.
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13. The Fontaine module structure on the crystalline cohomology of a Fontaine module
In this section, we reprove the following result of Faltings on the crystalline cohomology of a Fontaine
module:
Theorem 13.1 ([13] IV 4.1). Let X be a smooth proper formal S -scheme of relative dimension d and
(M,∇,M•, ϕ) a pn-torsion object of MF(X) (12.7) of length ≤ ℓ ≤ p− 1 (i.e. M ℓ+1 = 0). We denote by Fi
the subcomplex M i−• ⊗OXn Ω
•
Xn/Sn
of the de Rham complex M ⊗OXn Ω
•
Xn/Sn
.
(i) Let m be an integer such that min{m, d} + ℓ ≤ p − 1 and i an integer ≤ p − 1. Then the canonical
morphism Hm(Fi)→ Hm(M ⊗OXn Ω
•
Xn/Sn
) is injective.
(ii) Let m be an integer such that min{m, d− 1}+ ℓ ≤ p− 2 and i an integer ≤ p− 1. The isomorphism
ϕ induces a family of semi-linear morphisms φm,iH : H
m(Fi) → Hm(M ⊗OXn Ω
•
Xn/Sn
) (with respect to σ).
Then the data
(Hm(M ⊗OXn Ω
•
Xn/Sn
), (Hm(Fi))p−1i=0 , (φ
m,i
H )
p−1
i=0 )
form an object of MF(S ) (12.17).
(iii) In the spectral sequence of the filtered de Rham complex (M ⊗OXn Ω
•
Xn/Sn
,Fi) ([10] 1.4.5)
(13.1.1) Er,s1 = H
r+s(grrF (M ⊗OXn Ω
•
Xn/Sn
))⇒ Hr+s(M ⊗OXn Ω
•
Xn/Sn
),
the differential morphism dr,s1 vanishes for min{r + s, d− 1}+ ℓ ≤ p− 2.
The data (OXn , d) defines a Fontaine module of length 0 over X. By 13.1(iii), we deduce that:
Corollary 13.2 ([16] 2.8; [13] IV 4.1). If d ≤ p − 1, the Hodge to de Rham spectral sequence of Xn/Sn
degenerates at E1.
We refer the proof of the theorem to 13.22 and we start with some preparations on crystalline cohomology.
13.3. Let n be an integer and X a smooth scheme over Sn. We denote by Crys(X/Sn) (resp. (X/Sn)crys)
the crystalline site (resp. topos) of X over Sn, OX/Sn the structural sheaf and JX/Sn its PD-ideal.
Definition 13.4 ([30] 2.1.2 and 3.1). (i) Let (U, T ) be an object of Crys(X/Sn), JT the PD-ideal of U in T
andM an OT -module. We say that a decreasing filtration {M i}i∈Z ofM by OT -submodules is G-transversal
to JT if for any i ∈ Z, we have
(13.4.1) JTM ∩M i = J
[1]
T M
i−1 + J [2]T M
i−2 + · · ·
In particular, we see that such a filtration is JT -saturated, i.e. J
[i]
T M
j ⊂M i+j for all i ≥ 0, j.
(ii) Let M be a crystal of OX/Sn-modules. We say that a decreasing filtration {M
i}i∈Z of M by OX/Sn-
submodules of M is G-transversal to JX/Sn if for any object T of Crys(X/Sn), the filtration {M
i
T}i∈Z of
MT is G-transversal to JX/Sn,T .
Lemma 13.5 ([30] 3.1.1). Let M be a crystal of OX/Sn-modules endowed with a filtration {M
i}i∈Z G-
transversal to JX/Sn. For any morphism f : T2 → T1 of Crys(X/Sn), via the transition isomorphism
f∗(MT1)
∼
−→ MT2 , M
i
T2
coincides with
(13.5.1)
∑
i1+i2=i
J
[i1]
T2
Im(f∗(M i2T1)→ f
∗(MT1)).
Theorem 13.6 ([30] 3.1.2, 3.2.3). Let Y be a smooth Sn-scheme, ι : X → Y a closed Sn-immersion and
D the PD-envelope of ι compatible with γ. Let M be a quasi-coherent crystal of OX/Sn-modules, M = MD
and ∇ : M →M ⊗OY Ω
1
Y/Sn
the associated quasi-nilpotent integrable connection on M (as an OY -module)
([5] 6.6). Then the evaluation of sheaves of (X/Sn)crys on D induces an equivalence of following data:
(i) A decreasing filtration {M i}i∈Z by quasi-coherent OX/Sn-modules on M which is G-transversal to
JX/Sn.
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(ii) A decreasing filtration {M i}i∈Z by quasi-coherent OD-modules onM which is G-transversal to JX/Sn,D
and which satisfies Griffiths’ transversality i.e. ∇(M i) ⊂M i−1 ⊗OY Ω
1
Y/Sn
for all i.
We review the construction of the data (i) from the data (ii) and we refer to [30] for more details. Let
{Mi}i∈Z be a filtration as in (ii). Let D(1) be the PD-envelope of the immersion X
ι
−→ Y
∆
−→ Y ×Sn Y
compatible with γ, p1, p2 : D(1) → D the canonical projections and ε : p∗2(M)
∼
−→ p∗1(M) the OD(1)-
stratification induced by ∇. We define a filtration {Aij}i∈Z on p
∗
j (M) by the formula (13.5.1) for j = 1, 2.
By Griffiths’ transversality, one verifies that the isomorphism ε : p∗2(M)
∼
−→ p∗1(M) induces for any i, an
isomorphism ([30] 3.1.3)
(13.6.1) Ai2
∼
−→ Ai1.
Given an object T of Crys(X/Sn), there exists locally a morphism r : T → D of Crys(X/Sn). Using
the formula (13.5.1), we obtain a filtration {M iT}i∈Z on r
∗(M) ∼−→ MT . Using the fact that ε is a filtered
isomorphism, one verifies that the filtration {M iT}i∈Z on MT is independent of the choice of r up to iso-
morphisms which come from the stratification and is well-defined. Then we obtain a filtration {M i}i∈Z of
M by quasi-coherent OX/Sn-modules. By ([30] 2.2.1.2, 2.3.1), one verifies that {M
i}i∈Z is G-transversal to
JX/Sn .
13.7. Let M be an OD-module and ∇ : M → M ⊗OY Ω
1
Y/Sn
an integrable connection on M . A filtration
{M•}i∈Z ofM satisfying Griffiths’ transversality induces a filtration on the de Rham complexM⊗OY Ω
•
Y/Sn
defined for every i ∈ Z and q ∈ Z≥0 by
(13.7.1) Fi(M ⊗OY Ω
q
Y/Sn
) = M i−q ⊗OY Ω
q
Y/Sn
.
Since M is an OD-module, the de Rham complex M ⊗OY Ω
•
Y/Sn
is concentrated on X .
Theorem 13.8 ([4] V 2.3.2, [30] 6.1.1). We denote by uX/Sn the canonical morphism (X/Sn)crys → Xzar.
Let M be a quasi-coherent crystal of OX/Sn-modules and {M
i}i∈Z a filtration on M , G-transversal to
JX/Sn.
(i) There exists an isomorphism in the derived category D(Xzar,Wn)
(13.8.1) R uX/Sn∗(M )
∼
−→ MD ⊗OY Ω
•
Y/Sn
.
(ii) For any i, there exists an isomorphism in D(Xzar,Wn) compatible with (13.8.1)
(13.8.2) R uX/Sn∗(M
i) ∼−→ Fi(MD ⊗OY Ω
•
Y/Sn
).
Corollary 13.9 ([4] V 2.3.4, [30] 6.1.7). Let ι1 : X → Y1 and ι2 : X → Y2 be two closed Sn-immersions
of X into smooth Sn-schemes, D1,D2 the PD-envelopes of ι1, ι2 compatible with γ and f : Y2 → Y1 an
Sn-morphism such that ι2 = f ◦ ι1. Let M be a quasi-coherent crystal of OX/Sn-modules and {M
i}i∈Z a
filtration on M , G-transversal to JX/Sn. Then the morphisms of complexes induced by f
MD1 ⊗OY1 Ω
•
Y1/Sn
→ MD2 ⊗OY2 Ω
•
Y2/Sn
,
Fi(MD1 ⊗OY1 Ω
•
Y1/Sn
) → Fi(MD2 ⊗OY2 Ω
•
Y2/Sn
), ∀ i ∈ Z,
are quasi-isomorphisms and compatible with (13.8.1) and (13.8.2).
13.10. We suppose that X is separated over Sn and we take a Zariski covering U = {Ui}i∈I of X consisting
of affine schemes. For any integer r ≥ 0 and any element J = (j0, j1, · · · , jr) of Ir+1, we denote by UJ the
intersection ∩ri=0Uji , by UJ the product {Uji}
r
i=0 over Wn and by PJ the PD-envelope of the diagonal
immersion UJ → UJ compatible with γ. Note that UJ and PJ are also affine. Then we obtain two
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compatible simplicial objects:
⊔
i∈I Ui
s
//
⊔
J∈I2 U
J
doo oo //
s
//
⊔
J∈I3 U
J · · ·
doo
oooo(13.10.1)
⊔
i∈I Ui
s
//
⊔
J∈I2 UJ
doo oo //
s
//
⊔
J∈I3 UJ · · ·
doo
oooo(13.10.2)
where d, s denote the faces and degeneracymorphisms. Then the faces and degeneracy morphisms of (13.10.2)
induce a simplicial object compatible with (13.10.1):
(13.10.3)
⊔
i∈I Ui
s
//
⊔
J∈I2 PJ
doo oo //
s
//
⊔
J∈I3 PJ · · ·
doo
oooo
Let M be a quasi-coherent crystal of OX/Sn-modules and {M
i}i∈Z a filtration on M , G-transversal to
JX/Sn . We associate to (M ,M
•) a bicomplex C•,•
U
(M ) and for any i ∈ Z, a bicomplex Fi
(
C•,•
U
(M )
)
) by
setting
Cr,s
U
(M ) =
⊕
J∈Ir+1
Γ(UJ ,MPJ ⊗OUJ Ω
s
UJ/Sn
), r, s ≥ 0(13.10.4)
Fi
(
Cr,s
U
(M )
)
=
⊕
J∈Ir+1
Γ(UJ ,M i−sPJ ⊗OUJ Ω
s
UJ/Sn
), r, s ≥ 0,(13.10.5)
the horizontal differential morphism ∂r,s1 is the alternating sum of the resctriction morphisms induced by the
faces morphisms (13.10.3) and the vertical differential morphism ∂r,s2 is given by the connection on MPJ .
Proposition 13.11 ([13] IV a)). There exist canonical isomorphisms of cohomology groups:
H•((X/Sn)crys,M )
∼
−→ H•(Tot(C•,•
U
(M )))(13.11.1)
H•((X/Sn)crys,M i)
∼
−→ H•(Tot(Fi
(
C•,•
U
(M )
)
)), ∀i ∈ Z.
Proof. Let e be the final object of (X/Sn)crys. An open subscheme U of X defines a subobject U˜ of e by
U˜(V, T ) =
{
e(V, T ) if V ⊂ U,
∅ otherwise.
Moreover, there exists a canonical equivalence of topoi ([4] IV 3.1.2)
(13.11.2) (X/Sn)crys /U˜
∼
−→ (U/Sn)crys
which identifies the localisation morphism with respect to U˜ and the functoriality morphism induced by
U → X . Then, the morphisms {U˜i → e}i∈I form a covering in (X/Sn)crys. With the notation of 13.10, we
have
∏
j∈J U˜j = U˜
J . By cohomological descent, we have a spectral sequence ([11] 5.3.3.2, [3] Vbis 2.5.5)
(13.11.3) Er,s1 =
⊕
J∈Ir+1
Hs((UJ/Sn)crys,M |U˜J)⇒ H
r+s((X/Sn)crys,M ),
whose differential morphism dr,s1 : E
r,s
1 → E
r+1,s
1 is the alternating sum of the morphisms induced by the
faces morphisms of (13.10.1).
On the other hand, we calculate H•(Tot(C•,•
U
(M ))) by filtering this bicomplex by rows ([26] 0.11.3.2). By
13.8(i), the vertical cohomology of C•,•
U
(M ) is isomorphic to a direct sum of crystalline cohomology groups
Hr,sI = Ker∂
r,s
2 / Im(∂
r,s−1
2 )(13.11.4)
≃
⊕
J∈Ir+1
Hs((UJ/Sn)crys,M |U˜J).(13.11.5)
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Recall that we have a spectral sequence ([38] 5.6.1)
(13.11.6) E′r,s1 = H
r,s
I ⇒ H
r+s(Tot(C•,•
U
(M ))),
whose differential morphism d′r,s1 : E
′r,s
1 → E
′r+1,s
1 is induced by the morphism of complexes
(13.11.7) ∂r,•1 : C
r,•
U
(M )→ Cr+1,•
U
(M ).
In view of 13.9 and 13.10, the morphism d′r,s1 coincides with d
r,s
1 (13.11.3). Then the assertion for M follows.
Using 13.8(ii) and 13.9, one verifies the assertion for M i in the same way.
13.12. We consider the injective OX/Sn-linear morphism
(13.12.1) g : ⊕p−1i=1M
i → ⊕p−1i=0M
i
defined for every local section m of M i by g(m) = (m,−pm) in M i−1 ⊕M i. We set ΛM = Coker(g). For
any r, s ∈ Z, the morphism g induces an injective morphism
(13.12.2)
p−1⊕
i=1
⊕
J∈Ir+1
Γ(UJ ,M i−sPJ ⊗OUJ Ω
s
UJ/Sn
)→
p−1⊕
i=0
⊕
J∈Ir+1
Γ(UJ ,M i−sPJ ⊗OUJ Ω
s
UJ/Sn
)
compatible with the differential morphisms and hence an injective morphism of bicomplexes:
(13.12.3) gC :
p−1⊕
i=1
Fi
(
C•,•
U
(M )
)
→
p−1⊕
i=0
Fi
(
C•,•
U
(M )
)
.
We denote its quotient by C•,•
U
(ΛM ). By 13.11, the crystalline cohomology groups of ΛM are canonically
isomorphic to cohomology groups of Tot(C•,•
U
(ΛM )).
13.13. Let X be a smooth and separated formal S -scheme. In the following, we will use 13.11 to construct a
Fontaine module structure on the crystalline cohomology of an object ofMF(X) (12.7). For this propose, we
first show how to associate an object ofMFbig(X) to Fontaine modules with respect to a family of Frobenius
liftings (12.11).
Suppose that there exist m+ 1 liftings F1, · · · , Fm+1 of the relative Frobenius morphism FX/k of X . We
set π : X′ → X the canonical morphism, FXm+1 = πm+1◦(F1, · · · , Fm+1) : Xm+1 → Xm+1 and ∆ : X→ Xm+1
the diagonal closed immersion. For 1 ≤ i ≤ m + 1, the projection qi : Xm+1 → X on the i-th component
induces a functor (12.23.1)
q∗i :MFbig(X;Fi,X)→MFbig(X; ∆, FXm+1).
By composing with the functor λFi (12.15.4), we obtain a functor
(13.13.1) q∗i ◦ λFi :MFbig(X)→MFbig(X; ∆, FXm+1).
We denote by PX(m) the PD-envelope of the diagonal immersion ∆ compatible with γ (5.12) and by
FPX(m) : PX(m)→ PX(m) the lifting of Frobenius morphism induced by FXm+1 : X
m+1 → Xm+1. We denote
abusively the composition PX(m)→ Xm+1
qi
−→ X by qi.
Proposition 13.14. Let n be an integer ≥ 1, M = (M,∇,M•, ϕ) a pn-torsion Fontaine module over X,
M the crystal of OXn/Sn-modules associated to (M,∇) and {M
i} the filtration on M associated to {M i}
(13.6). Then there exists a functor
MFbig(X) → MFbig(X; ∆, FXm+1)(13.14.1)
(M,∇,M•, ϕ) 7→ (MPX(m),∇PX(m),M
•
PX(m)
, ϕ•PX(m))
which is isomorphic to the functor q∗i ◦ λFi (13.13.1) via the transition morphism
(13.14.2) cqi : q
∗
i (M)
∼
−→ MPX(m).
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Proof. By 13.6, there exists a quasi-nilpotent integrable connection ∇PX(m) on MPX(m) such that the
filtration {M •PX(m)} satisfying Griffiths’ transversality. We will construct a family of divided Frobenius
morphisms on (MPX(m),M
•
PX(m)
) via (13.13.1) and we will show that the construction is independant of the
choice of i.
Recall (12.16) that the morphism Fi induces a horizontal morphism ϕFi = ϕ ◦ ηFi : F
∗
i,X(M˜) → M and
hence an object λFi(M) = (M,M
•,∇, ϕFi) ofMFbig(X;Fi,X) for 1 ≤ i ≤ m+1. We set Mi = q
∗
i (λFi(M)) =
(q∗i (M),∇i, A
•
i , ϕ
•
Mi
) ∈MFbig(X; ∆, FXm+1) (12.23.1). Note that cqi (13.14.2) is a horizontal isomorphism.
By 13.5, cqi induces a filtered isomorphism:
A•i
∼
−→ M •PXn .(13.14.3)
Then we obtain a family of divided Frobenius morphisms ϕ•PX(m) on (MPX(m),M
•
PX(m)
) by ϕ•Mi .
To show that the construction is independent of the choice of i ∈ {1, · · · ,m + 1}, we can reduce to the
case m = 1. In this case, the proposition follows from 12.26.
13.15. In the rest of this section, we suppose that X is a smooth proper formal S -scheme of relative
dimension d. Let ℓ be an integer ∈ [0, p − 1], n an integer ≥ 1 and (M,∇,M•, ϕ) a pn-torsion object of
MF(X) of length ℓ (i.e. M ℓ 6= 0, M ℓ+1 = 0). We denote by M the crystal of OXn/Sn-modules associated
to (M,∇) and by {M i} the filtration on M associated to {M i} (13.6). We write simply H•crys(−) for the
crystalline cohomology groups H•((Xn/Sn)crys,−). If we consider M , M i as OXm/Sm-modules for some
integer m ≥ n, by 13.8, the notation H•crys(−) does not lead to any confusion for the crystalline cohomology
of M , M i.
Lemma 13.16. Keep the notation of 13.15 and of 13.12. The morphism ϕ induces W-linear morphisms of
bicomplexes
φiC : F
i
(
C•,•
U
(M )
)
⊗σ,W W→ C
•,•
U
(M ), ∀ 0 ≤ i ≤ p− 1,(13.16.1)
ψC : C
•,•
U
(ΛM )⊗σ,W W→ C
•,•
U
(M ),(13.16.2)
which are functorial in (M,∇,M•, ϕ) ∈MF(X). In particular, we obtain for m ≥ 0, W-linear morphisms
φm,iH : H
m
crys(M
i)⊗σ,W W→ H
m
crys(M ), ∀ 0 ≤ i ≤ p− 1,(13.16.3)
ψm : Hmcrys(ΛM )⊗σ,W W→ H
m
crys(M ).(13.16.4)
Proof. We take a Zariski covering U = {Ui}i∈I of X consisting of affine formal schemes and for each
i ∈ I a lifting Fi : Ui → U′i of the relative Frobenius morphism of Ui,1. For any integer r ≥ 0 and
J = (j0, · · · , jr) ∈ Ir+1, we denote by UJ the intersection ∩ri=0Uji , by UJ the product of (r + 1)-copies of
UJ and by PJ the PD-envelope of the diagonal closed immersion UJ → UJ . Note that PJ is equal to the
PD-envelope of the immersion of UJ in the product of {Uji}
r
i=0 over S . We denote by FUJ : UJ → UJ
the morphism induced by {Fji}
n
i=0 and by FPJ : PJ → PJ the lifting of the Frobenius morphism induced
by FUJ . By 13.14, we associate to (M,∇,M
•, ϕ) a family of divided Frobenius morphisms with respect to
(UJ → UJ , FUJ ):
(13.16.5) ϕiPJ : M
i
PJ → MPJ ∀ i ≤ p− 1.
For any r, s ≥ 0, in view of (12.11.2) and (12.24.2), the W-linear morphism
(13.16.6)⊕
J∈Ir+1
ϕi−sPJ ⊗∧
s
(
dFUJ
p
)
:
⊕
J∈Ir+1
Γ(UJ ,M i−sPJ ⊗OUJ,nΩ
s
UJ,n/Sn
)⊗σ,WW→
⊕
J∈Ir+1
Γ(UJ ,MPJ⊗OUJ,nΩ
s
UJ,n/Sn
)
is compatible with differential morphisms ∂•,•1 , ∂
•,•
2 of F
i
(
C•,•
U
(M )
)
, C•,•
U
(M ) respectively (13.10). Then we
obtain a W-linear morphism of bicomplexes
(13.16.7) φiC : F
i
(
C•,•
U
(M )
)
⊗σ,WW→ C
•,•
U
(M ).
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By condition (d-i) of 12.11, we see that the composition (13.12.3)
(13.16.8)
⊕p−1
i=1 F
i
(
C•,•
U
(M )
)
⊗σ,WW
gC //⊕p−1
i=0 F
i
(
C•,•
U
(M )
)
⊗σ,WW
⊕φiC // C•,•
U
(M )
vanishes. Then we obtain a W-linear morphism of bicomplexes
(13.16.9) ψC : C
•,•
U
(ΛM )⊗σ,W W→ C
•,•
U
(M ).
It is clear that the above constructions are functorial.
By 13.11 and 13.12, we obtain morphisms of cohomology groups (13.16.3) and (13.16.4).
Proposition 13.17. If pM = 0 and min{m, d−1}+ℓ ≤ p−2, the morphism ψm (13.16.4) is an isomorphism.
Proof. We use Hr,sI (−) to denote the vertical cohomology of a bicomplex. Recall (13.11.6) that we have
two spectral sequences:
E′r,s1 = H
r,s
I (C
•,•
U
(ΛM )) ⇒ H
r+s(Tot(C•,•
U
(ΛM )))(13.17.1)
Er,s1 = H
r,s
I (C
•,•
U
(M )) ⇒ Hr+s(Tot(C•,•
U
(M )))(13.17.2)
The morphism of bicomplexes ψC induces a k-linear morphism of spectral sequences E
′⊗σ,kk → E. Then it
is enough to prove that for any r ≥ 0 and s satisfying min{s, d− 1}+ ℓ ≤ p− 2, the induced morphism
(13.17.3) Hr,sI (C
•,•
U
(ΛM ))⊗σ,k k → H
r,s
I (C
•,•
U
(M ))
is an isomorphism. Since M is p-torsion, we have ΛM = ⊕
p−2
i=0 gr
i(M ) ⊕ M p−1. For any s ≥ 0, we set
Λ−s
M
= ⊕p−2i=0 gr
i−s(M )⊕M p−1−s. Since UJ is affine, Cr,s
U
(ΛM ) can be written as a direct sum⊕
J∈Ir+1
Γ(UJ ,Λ−s
M ,PJ
⊗OUJ,1 Ω
s
UJ,1/k
).
Recall (13.16.6) that the divided Frobenius morphisms ϕiPJ : M
i
PJ
→ MPJ and the semi-linear morphism
∧s(dFUp ) : Ω
s
UJ,1/k
→ ΩsUJ,1/k induce a k-linear morphism
ψr,sJ,C : Γ(U
J ,Λ−s
M ,PJ
⊗OUJ,1 Ω
s
UJ,1/k
)⊗σ,k k → Γ(UJ ,MPJ ⊗OUJ,1 Ω
s
UJ,1/k
)
and that the morphism ψr,sC (13.16.2) is defined by a direct sum of morphisms ⊕J∈Ir+1ψ
r,s
J,C .
Then the assertion follows from the following lemma.
Lemma 13.18. For any r ≥ 0, J ∈ Ir+1, the morphism of complexes
(13.18.1) ψr,•J,C : Γ(U
J ,Λ−•
M ,PJ
⊗OUJ,1 Ω
•
UJ,1/k
)⊗σ,k k → Γ(UJ ,MPJ ⊗OUJ,1 Ω
•
UJ,1/k
)
induces an isomorphism on the m-th cohomology group for any integer m satisfying min{m, d−1}+ℓ ≤ p−2.
Proof. In view of (12.24.2) and (13.9), we can reduce to the case where r = 0, J ∈ I. To simplify the
notation, we write U for UJ , F for the lifting of Frobenius FJ : U→ U′, U the special fiber of U and M (resp.
M i) for MU = M |U (resp. M iU = M
i|U).
We set gr(M) = ⊕ℓi=0M
i/M i+1. By Griffiths’ transversality, ∇ induces a Higgs field on gr(M):
θ : gr(M)→ gr(M)⊗OX Ω
1
X/k.
The source of (13.18.1) can be written as
(13.18.2) Γ(U, (⊕p−2−si=0 gr
i(M)⊕Mp−1−s)⊗OU Ω
s
U/k)⊗σ,k k
which is equal to
(13.18.3) Γ(U, gr(M)⊗OU Ω
s
U/k)⊗σ,k k if s ≤ p− 1− ℓ.
The differential morphism of the source is induced by θ for s ≤ p− 1− ℓ.
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Since pM = 0, we have (M˜, ∇˜) = (gr(M), θ) (12.8). The isomorphism ϕ and the lifting F induce an
isomorphism of MIC(Xn/Sn) (12.15.2)
(13.18.4) ϕF : Φ1
(
(gr(M), θ)⊗σ,k k
) ∼
−→ (M,∇).
Recall (12.16) that ϕF induces a family of divided Frobenius morphisms ϕ•F . The morphism ψ
r,•
J,C (13.18.1),
which is induced by ϕ•F , coincides with the composition of morphism of complexes (6.7.1) induced by Φ1
and the isomorphism of de Rham complexes induced by ϕF
(13.18.5) (gr(M)⊗OU Ω
•
U/k)⊗σ,k k →M ⊗OU Ω
•
U/k
in degrees ≤ p− 1− ℓ. Then the lemma follows from 6.7.
Remark 13.19. Suppose that pM = 0. Let gr(M) = ⊕ℓi=0M
i/M i+1 and θ the Higgs field on gr(M) induced
by ∇ and Griffiths’ transversality. By 13.8 and a similar argument of 13.18, we deduce for m ≤ p − 2 − ℓ,
an isomorphism
(13.19.1) Hmcrys(ΛM )
∼
−→ Hm(gr(M)⊗ Ω•X/k).
Proposition 13.20. (i) If d ≤ p− 1− ℓ, the morphism ψm (13.16.4) is an isomorphism for all m.
(ii) If d > p−1−ℓ, the morphism ψm (13.16.4) is an isomorphism for m+ℓ ≤ p−3, and is a monomorphism
for m+ ℓ = p− 2.
Proof. We prove it by induction on n. In the case n = 1, i.e. M is p-torsion, it follows from 13.17. Suppose
that the proposition is true for n − 1. By 12.20, the quadraple (pM,∇|pM , pM•, ϕ|pC∗(M˜ ′)) is a subobject
of (M,∇,M•, ϕ) in MF(X) and we denote its quotient by (M,∇,M
•
, ϕ). If M and M
•
denote the crystal
of OXn/Sn -modules and the filtration associated to (M,∇,M
•
) (13.6), we have an exact sequence:
(13.20.1) 0→ pM i → M i → M
i
→ 0 ∀ i ≤ p− 1.
By the snake lemma, we have a commutative diagram:
(13.20.2) 0

0

0

0 // ⊕p−1i=1 pM
i //

⊕p−1i=0 pM
i //

ΛpM //

0
0 // ⊕p−1i=1M
i //

⊕p−1i=0M
i //

ΛM //

0
0 // ⊕p−1i=1M
i //

⊕p−1i=0M
i //

Λ
M
//

0
0 0 0
Since ψm is functorial in MF(X), the assertion follows by dévissage from the induction hypothesis.
Proposition 13.21. (i) Let m be an integer such that min{m, d− 1} ≤ p− 2− ℓ, the exact sequence (13.12)
0→ ⊕p−1i=1M
i g−→ ⊕p−1i=0M
i → ΛM → 0
induces an exact sequence of cohomology groups
(13.21.1) 0→ ⊕p−1i=1 H
m
crys(M
i)→ ⊕p−1i=0 H
m
crys(M
i)→ Hmcrys(ΛM )→ 0.
(ii) If m+ ℓ = p− 2, morphism ψm (13.16.4) is an isomorphism.
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Proof. We prove the proposition by induction on m. The case m = −1 is trivial. Suppose that the
assertion is true for m−1 and we will prove it for m. By hypothesis of induction, we have an exact sequence
(which is automatically true for m = 0)
(13.21.2) 0→ ⊕p−1i=1 H
m
crys(M
i)→ ⊕p−1i=0 H
m
crys(M
i)→ Hmcrys(ΛM ).
Since M ,M i are coherent, by 13.8, we see that the cohomology groups in above sequence are finite type
Wn-modules. By 13.20, we have the following inequalities on the length of Wn-modules
lgWn H
m
crys(ΛM ) ≤ lgWn H
m
crys(M )(13.21.3)
=
p−1∑
i=0
lgWn H
m
crys(M
i)−
p−1∑
i=1
lgWn H
m
crys(M
i).
Then we deduce the surjectivity of the last arrow of (13.21.2), and that the above inequality is an equality.
The assertion (i) follows. The assertion (ii) follows from 13.20 and the equality (13.21.3).
13.22. Proof of 13.1. Assertion (i) follows from 13.8 and 13.21.
We take for φm,iH the morphism (13.16.3). Then assertion (ii) follows from (i), 13.20 and 13.21.
Note that the complex Fi = 0 if i > d+ ℓ. For any r, s satisfying min{r+ s, d− 1}+ ℓ ≤ p− 2, we deduce
from (i) that
(13.22.1) Hr+s(grrF(M ⊗OXn Ω
•
Xn/Sn
)) ∼−→ Hr+s(Fr)/Hr+s(Fr+1).
Then assertion (iii) follows by comparing the Wn-length of E
r,s
1 and of E
r+s.
Remark 13.23. Using the comparison isomorphism between the de Rham and the Dolbeault complexes
(9.30), Ogus and Vologodsky proved 13.1 for p-torsion Fontaine modules (12.8) ([32] 4.17). More precisely,
let (M,∇,M•, ϕ) be a p-torsion object of MF(X) of length ℓ and θ the Higgs field on gr(M) induced by ∇
and Griffiths’ transversality. By 9.30, the isomorphism (9.30.1) induces via (12.8.1)
ϕ : C−1X′2 (π
∗(Gr(M), θ)) ∼−→ (M,∇),
for m ≤ p− 1− ℓ, an isomorphism:
(13.23.1) Hm(gr(M)⊗ Ω•X/k)⊗σ,k k
∼
−→ Hm(M ⊗ Ω•X/k).
By (13.19.1), we obtain for m ≤ p− 2− ℓ, an isomorphism
(13.23.2) Hmcrys(ΛM )⊗σ,k k
∼
−→ Hmcrys(M ).
The above isomorphism is an analogue of the isomorphism ψm (13.16.4, 13.17) and allows us to deduce 13.1
for p-torsion objects. We don’t know whether these two isomorphisms coincide or not.
Theorem 13.1 provides a generalisation of Ogus–Vologodsky’s result (9.30) for pn-torsion Fontaine mod-
ules. However, we don’t know how to generalise 9.30 for the Cartier transform modulo pn.
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